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ABSTRACT
The o b j e c t  o f  t h i s  p a p e r  i s  p r i m a r i l y  t o  s t u d y  c e r t a i n  
B an ach  s p a c e s  and  a l g e b r a s  o f  f u n c t i o n s  h a rm o n ic  [ a n a l y t i c }  
on t h e  u n i t  d i s c ,  o r ,  e q u i v a l e n t l y ,  B a n ac h  s p a c e s  and  a l g e b r a s  
o f  f u n c t i o n s  [ f u n c t i o n s  o f  a n a l y t i c  t y p e }  s a t i s f y i n g  c e r t a i n  
s u m m a b i l i t y  c o n d i t i o n s  on t h e  c i r c l e  g r o u p ,  T . I t  i s  c o n ­
v e n i e n t ,  h o w e v e r ,  t o  o b t a i n  many o f  t h e s e  r e s u l t s  i n  a  m ore 
g e n e r a l  s e t t i n g  and i n  C h a p te r  I ,  T i s  r e p l a c e d  b y  m ore  
g e n e r a l  t y p e s  o f  g r o u p s .
F i r s t  i n  C h a p te r  I ,  a  c h a r a c t e r i z a t i o n  o f  t h e  n o n ­
r e g u l a r  m ax im a l  i d e a l s  o f  a  c o m m u ta t iv e  B an ach  a l g e b r a  i s  
e s t a b l i s h e d .  N ex t i t  i s  show n t h a t  i f  G i s  a  n o n - d e g e n e r a t e  
c o m p a c t ,  c o m m u ta t iv e  g r o u p ,  t h e n  L (G) f o r  1 < p < °° and 
C(G) a r e  B an ach  a l g e b r a s  u n d e r  c o n v o l u t i o n  m u l t i p l i c a t i o n ,  
and  e a c h  h a s  n o n - r e g u l a r  m a x im a l  i d e a l s .  I t  i s  shown a t  
t h e  same t im e  t h a t  i f  G i s  a l s o  c o n n e c t e d ,  t h e n  t h e  same 
c o n c l u s i o n s  h o l d  f o r  H. (G) (when 1 < p < « )  and  C . ( G ) .p — — A
The c h a p t e r  c o n c l u d e s  w i t h  a n  i n v e s t i g a t i o n  o f  t h e  c l o s e d  
i d e a l s  o f  t h e  ab o v e  m e n t io n e d  a l g e b r a s  u s i n g  some o f  t h e  
m e th o d s  f o u n d  I n  R u d in  [ 5 ]  a n d  t h e  c o n s t r u c t i o n  o f  some 
e x a m p le s .  I n  p a r t i c u l a r  an  e x a m p le  i s  c o n s t r u c t e d  o f  a  
b o u n d e d  f u n c t i o n  o f  a n a l y t i c  t y p e  w h ic h  i s  n o t  c o n t i n u o u s .
i v
I n  C h a p te r  I I ,  a d j o i n t  s p a c e s  a r e  i n v e s t i g a t e d .  I t  
i s  show n t h a t  i f  X d e n o t e s  a  B an ach  s p a c e  o f  f u n c t i o n s  
h a rm o n ic  [ a n a l y t i c -] on t h e  u n i t  d i s c ,  D, t h e n  u n d e r  f a i r l y  
g e n e r a l  c o n d i t i o n s  a  c o n t i n u o u s  l i n e a r  f u n c t i o n a l  c o r r e s p o n d s  
t o  a  h a rm o n ic  [ a n a l y t i c ]  f u n c t i o n ,  g ,  on  D s u c h  t h a t  g * f  i s  
c o n t i n u o u s  on  D f o r  e v e r y  f  e X. I n  p a r t i c u l a r  t h i s  h o l d s
f o r  t h e  H s p a c e s  f o r  0 < p < «>, and  f o r  t h e  L (T )  s p a c e s
F r
f o r  1 < p < »  a s  w e l l  a s  o t h e r s .  T h i s  g e n e r a l i z e s  a  r e s u l t  
fo u n d  i n  W a l t e r s  [ 7 ] .  The c h a p t e r  c o n c l u d e s  w i t h  t h e  c o n ­
s t r u c t i o n  o f  an  e x am p le  o f  a  f u n c t i o n  h a v i n g  c o n t i n u o u s  
d e r i v a t i v e s  o f  a l l  o r d e r s  on D; h a v i n g  c o n t i n u o u s  c o n v o l u t i o n  
p - r o o t s  f o r  a l l  p = 1 , 2 , .  . . j  and  h a v i n g  t h e  u n i t  c i r c l e  a s  
i t s  n a t u r a l  b o u n d a r y .
I n  C h a p te r  I I I ,  t h e  b e s c h r a n k t a r t i g e  f u n c t i o n s  a r e  
i n v e s t i g a t e d .  T h i s  c l a s s  o f  f u n c t i o n s  fo rm s  a  n a t u r a l
s e t t i n g  i n  w h ic h  t o  s t u d y  t h e  H s p a c e s .  The r e s u l t s  i n
t h i s  c h a p t e r  a r e  e s s e n t i a l l y  i n  N e v a n l in n a  C41 b u t  p r o o f s  
a r e  i n c l u d e d  f o r  t h e  s a k e  o f  c o m p l e t e n e s s .
v
CHAPTER I
T h ro u g h o u t  t h i s  p a p e r ,  t h e  t e r m  ' 1 r i n g ’ ' h a s  i t s  
u s u a l  a l g e b r a i c  m e a n in g  and t h e  t e r m  11 a l g e b r a ' '  w i l l  
d e n o te  a  r i n g  w h ic h  i s  a l s o  a  v e c t o r  s p a c e  o v e r  some f i e l d .  
The t e r m  ' ' i d e a l ' 1 h a s  i t s  u s u a l  a l g e b r a i c  m e a n in g  w h e re  
i t  r e f e r s  t o  an  i d e a l  o f  a  r i n g ;  an  i d e a l  o f  an  a l g e b r a ,  
h o w e v e r ,  m u s t  be  a  v e c t o r  s u b s p a c e  o f  t h e  a l g e b r a  a s  w e l l  
a s  a  r i n g  i d e a l  o f  t h e  a l g e b r a .  B e c a u se  o f  t h i s  f a c t ,  a  
c e r t a i n  am ount o f  c a u t i o n  m u s t  b e  u s e d  i n  a p p l y i n g  p r o p o s i ­
t i o n s  o n  t h e  i d e a l s  o f  r i n g s  t o  a l g e b r a s  d e s p i t e  t h e  f a c t  
t h a t  an  a l g e b r a  i s  a  s p e c i a l  c a s e  o f  a  r i n g .
D e f i n i t i o n  1 . A r i n g  R i s  s a i d  t o  h a v e  t r i v i a l  
m u l t i p l i c a t i o n  i f  x ,  y e R = > -x y  = 0 .
The f i r s t  p r o p o s i t i o n  b e lo w  i s  known f ro m  e l e m e n t a r y  
a l g e b r a .
P - l . A s im p le  c o m m u ta t iv e  r i n g  S i s  e i t h e r  a  f i e l d  
o r  a  r i n g  w i t h  t r i v i a l  m u l t i p l i c a t i o n .
P - 2 . A n o n - t r i v i a l  s i m p l e ,  c o m m u ta t iv e  a l g e b r a  S 
o v e r  a  f i e l d  P i s  e i t h e r  a n  e x t e n s i o n  f i e l d  o f  P o r  a  
v e c t o r  i s o m o rp h  o f  P w i t h  t r i v i a l  m u l t i p l i c a t i o n .
P r o o f . S u p p o se  S h a s  t r i v i a l  m u l t i p l i c a t i o n .  L e t  
0 x  e S .  Then Fx i s  a  n o n - t r i v i a l  s u b s p a c e  o f  S . S in c e  
S h a s  t r i v i a l  m u l t i p l i c a t i o n ,  Fx i s  an  i d e a l  o f  S . S i n c e
2Fx /  ( 0 ) ,  Fx = S b y  t h e  d e f i n i t i o n  o f  s i m p l e  r i n g .  The 
c o r r e s p o n d e n c e  y —* yx  f o r  y e F i s  a  v e c t o r  i s o m o r p h is m  
o f  F o n to  S .
I n  c a s e  S d o e s  n o t  h a v e  t r i v i a l  m u l t i p l i c a t i o n ,  t h e n  
b y  P - l ,  S m u s t  b e  a  f i e l d  w i t h  some u n i t ,  s a y  e .  The 
c o r r e s p o n d e n c e  y -*• y e  i s  a n  e m b e d d in g  o f  F i n  S i n  s u c h  a  
way t h a t  S i s  a n  e x t e n s i o n  f i e l d  o f  F .
D e f i n i t i o n  2 . An i d e a l ,  I ,  o f  a  r i n g  [ . a l g e b r a ] ,
R, i s  s a i d  t o  b e  r e g u l a r  i f  R / I  h a s  a  u n i t .
P - 3 . L e t  R b e  a  c o m m u ta t iv e  r i n g  [ a l g e b r a  o v e r  a  
f i e l d ,  L e t  M b e  a  m a x im a l^  i d e a l  o f  R . T hen t h e s e
a r e  e q u i v a l e n t :
(1 )  M i s  r e g u l a r
( 2 )  R/M i s  a  f i e l d
(3 )  M i s  p r i m e .
P r o o f . ( l )  R/M h a s  a  u n i t  b y  d e f i n i t i o n  o f  
r e g u l a r .  H ence  R/M d o e s  n o t  h a v e  t r i v i a l  m u l t i p l i c a t i o n .  
S i n c e  M i s  m a x im a l  an d  R i s  c o m m u ta t iv e ,  R/M s a t i s f i e s  t h e  
h y p o t h e s i s  f o r  P - l  and  (2 )  f o l l o w s .
S i m i l a r l y ,  ( 3 )  R/M h a s  no  z e r o  d i v i s o r s  w h ic h ,  
i n  t u r n ,  i m p l i e s  R/M d o e s  n o t  h a v e  t r i v i a l  m u l t i p l i c a t i o n  
and  ( 2 )  f o l l o w s  a s  b e f o r e .
 1 ---------------------------------
T h r o u g h o u t  t h i s  p a p e r ,  m a x im a l  w i l l  mean m a x im a l
p r o p e r .
3N e x t ,  (2 )  i m p l i e s  R/M h a s  a  u n i t  w h ic h  i m p l i e s  
( 1 )  b y  d e f i n i t i o n .
F i n a l l y ,  s u p p o s e  ( 2 ) ;  x ,  y  e R; and  t h a t  xy  e M.
Then (x  + M )(y  + M) = (x y  + M) = 0 e R/M. S i n c e  R/M i s  
a  d o m a in ,  e i t h e r  x  -f M o r  y  + M m u s t  = 0 e R/M. H ence 
e i t h e r  x e M o r  y  e M, an d  M i s  p r im e  b y  d e f i n i t i o n .
P - 4 . L e t  R be  a  c o m m u ta t iv e  r i n g  [ a l g e b r a  o v e r  a  
f i e l d  F ] .  L e t  M b e  a  m ax im a l i d e a l  o f  R . Then t h e s e  a r e  
e q u i v a l e n t :
(1 )  M i s  n o t  p r im e
(2 )  M i s  n o t  r e g u l a r
(3 )  R/M h a s  t r i v i a l  m u l t i p l i c a t i o n
(4 )  R2 CZ M.
P r o o f . (1  ) ( 2 )  by  P -3
(2 )  «*=> ( 3 )  by  P -3  and  P - l  [ P - 2 ] .
S u p p o se  ( 3 ) ;  x ,  y  e R. Then (xy  + M) = (x  + M )(y  + M)
= 0 e R/M. Hence x y  e M and t h i s  i m p l i e s  ( 4 ) .
S u p p o se  ( 4 ) ,  and  l e t  a ,  b e R/M. Then 3  x  e R - -9 - .
a  = x  + M, and  y e R • B — b = y  + M. T hus ab = (x  + M) (y  + M)
2
= (x y  + M) = 0 e R/M s i n c e  xy  c  R d  M, and  p r o o f  i s  com­
p l e t e .
S i n c e  e v e r y  i d e a l  o f  a  r i n g  [ [ a l g e b r a  o f  a  f i e l d  F ] 
m u s t  b e  a  s u b g ro u p  C s u b s p a c e } ,  an d  s i n c e  an y  s u b g ro u p  £ s u b -
p
s p a c e j  c o n t a i n i n g  R i s  an  i d e a l  o f  R, we c a n  c h a r a c t e r i z e
4n o n - r e g u l a r  m a x im a l  i d e a l s  a s  f o l l o w s :
Theorem  1 . L e t  R b e  a  c o m m u ta t iv e  r i n g  [ a l g e b r a  
o v e r  a  f i e l d  F ]  t h e n  t h e  n o n - r e g u l a r  m ax im a l  i d e a l s  o f  R
2
a r e  p r e c i s e l y  t h e  m a x im a l  s u b g r o u p s  o f  R w h ic h  c o n t a i n  R
2
[m a x im a l  s u b s p a c e s  o f  R w h ic h  c o n t a i n  R ] .
Theorem  2 . I f  R i s  a  c o m m u ta t iv e  a l g e b r a  o v e r  a  
f i e l d  F , t h e n  R h a s  n o n - r e g u l a r  m a x im a l  i d e a l s  i f  and  o n l y  
i f  R2 ^  R.
2
P r o o f . I f  R = R, t h e n ,  b y  Theorem  1 ,  R h a s  no
2
n o n - r e g u l a r  m a x im a l  i d e a l s .  I f  R ££  R, t h e  m a x im a l
2s u b s p a c e s  o f  R c o n t a i n i n g  R may b e  c o n s t r u c t e d  i n  a  
s t r a i g h t f o r w a r d  m a n n e r  u s i n g  H~M=*P»
R e m a r k s . I t  i s  known t h a t  r e g u l a r  m a x im a l  i d e a l s  
o f  a  B a n ac h  a l g e b r a  a r e  c l o s e d .  The n o n - r e g u l a r  m a x im a l  
i d e a l s  o f  m o s t  o f  t h e  r i n g s  c o n s i d e r e d  i n  t h i s  c h a p t e r  
a r e  n o t  c l o s e d  (a n d  t h e r e f o r e  d e n s e  i n  t h e  r i n g )  d u e  t o  
t h e  f a c t  t h a t  t h e  i d e a l  g e n e r a t e d  b y  p r o d u c t s  o f  e l e m e n t s  
o f  t h e  r i n g  i s  d e n s e  i n  t h e  r i n g  f o r  m o s t  o f  t h e  e x a m p le s  
c o n s i d e r e d .
N e v e r t h e l e s s ,  a  n o n - r e g u l a r  m a x im a l  i d e a l  may b e  
c l o s e d .  F o r  e x a m p le :
L e t  R = { f  j f  i s  a n a l y t i c  on  t h e  o p e n  u n i t  d i s c ,  
c o n t i n u o u s  on  t h e  c l o s e d  u n i t  d i s c ,  f ( 0 )  = 0 ) ,  w i t h  sup  
no rm  o n  t h e  c l o s e d  u n i t  d i s c .
2
L e t  m u l t i p l i c a t i o n  b e  p o i n t w i s e .  H e re  R i s  t h e
5u n i q u e  n o n - r e g u l a r  m ax im a l i d e a l  o f  R.
More c o m p l i c a t e d  e x a m p le s  may b e  c o n s t r u c t e d  by  
t a k i n g  s u b r i n g s  o f  R w h e re  t h e  f i r s t  n ,  s a y ,  d e r i v a t i v e s  o f  
a l l  f u n c t i o n s  o f  t h e  s u b r i n g  v a n i s h  a t  0 .
N o t a t i o n . I f  G i s  a  L .C .A . g ro u p  (L .C .A .  m eans 
l o c a l l y  c o m p a c t ,  a b e l i a n )  t h e n  M(G), C (G ), C (G) and  C (G)U v
a r e  d e f i n e d  a s  i n  R u d in  C 5 3 . I n  t h i s  p a p e r  Lp(G ) w i l l  be  
t r e a t e d  a s  t h e  s p a c e  o f  p -su m m ab le  f u n c t i o n s  w . r . t .  H a a r  
m e a s u r e  m odu lo  s e t s  o f  m e a s u r e  z e r o  o r  a s  t h e  s p a c e  o f  
e q u i v a l e n c e  c l a s s e s  o f  C auchy s e q u e n c e s  o f  s i m p le  f u n c t i o n s  
w . r . t .  t h e  u s u a l  L norm ( w . r . t .  H a a r  m e a s u r e )  d e p e n d in g
P
on  w h ic h e v e r  i s  m ore  c o n v e n i e n t .  I f  G i s  a l s o  c o m p a c t  and 
c o n n e c t e d  H_(G) i s  d e f i n e d  a s  i n  R u d in  [ 5 3 .  F o r  m e M(G),
P
|ra| d e n o t e s  t h e  v a r i a t i o n  m e a s u r e  a s s o c i a t e d  w i t h  m.
Lemma 1 . L e t  F e L (G ) , m e M(G), 1 < p < °°. Then
r
f*m e L (G) and  |f*m | < 1f |  Im J (G ) ,  w h e re  by f*m € L (G)
P r r P
i t  i s  m e a n t  t h a t  f o r  a l l  s e q u e n c e s  € ?» t h e  s e “
q u e n c e s  a r e  C auchy an*3 a 1 1  b e l o n g  i n  some
u n i q u e  e l e m e n t  o f  L p (G ) .
P r o o f . The c a s e  f o r  p = 1 i s  i n  R u d in  C53* and 
t h e  c a s e  f o r  p  = <» i s  t r i v i a l .  F o r  t h e  r e m a i n i n g  c a s e ,
1 < p < <», we f i r s t  s u p p o s e  t h a t  f  i s  a  s i m p le  f u n c t i o n .  
I ( f * m ) ( x ) |=  | / f (x  -  y ) dm( y ) |  < M ( g ) -  y ) | ^ j $ p - -
S i n c e  |ml/ lnH(G) i s  a  p o s i t i v e  m e a s u r e  w i t h  t o t a l  v a r i a t i o n  1 ,  
t h e  u s u a l  i n e q u a l i t i e s  b e tw e e n  t h e  d i f f e r e n t  t y p e s  o f
6a r i t h m e t i c  m ean s  a p p l y  h e r e .  I n  p a r t i c u l a r ,  t h e  p - a r i t h m e t i c  
m ean o f  t h e  f u n c t i o n  g :G -* R + ( ?= r e a l  n u m b e r s )  d e f i n e d  b y  
g ( y )  = f ( x  -  y ) ,  w i t h  r e s p e c t  t o  \mV N (G )  i s  g r e a t e r  t h a n  
t h e  a r i t h m e t i c  m ean , ( w . r . t .  |mj/tm|(G)) .  T h a t  i s :
J V < *  -  ^  f f * < *  -  y f  W  ) V P
o r :  W (G) | | f ( x  -  <
K G j i - V P f  W (G) J | r ( x  -  y f  ) V p
o r :  | ( f * m )  ( x ) |  < |m|(G)1 “ 1/ p ( I | f ( x  -  y j |p d *?,ml(y))
G
H e n c e :  |f*m | » = J | ( f *m) ( x ) | P dx
< |mKG)p _ 1  {  J | f ( x  -  y ) |  p d N ( y ) d x  
G G
A p p l y i n g  F u b i n i ' s  T heo rem :
| f * m |p  < ImKG)15” 1 J ( J | f ( x  -  y ) | Pdx)d|mi(y)  
p  G G
= H ( G ) P _ 1 | f | P N ( G )  = { l m | ( G ) | f |p }p 
T a k in g  p - r o o t s  o f  b o t h  s i d e s :
I ^ H p  < l f lp H ( G ) .
The p r o o f  o f  t h e  e x i s t e n c e  o f  f*m e I<p(G) an d  t h e  
e x t e n s i o n  o f  t h e  a b o v e  i n e q u a l i t y  t o  a r b i t r a r y  e l e m e n t s  
o f  L _(G ) i s  r o u t i n e .
hr
R e m a rk .  The c o n c l u s i o n  o f  t h e  a b o v e  lemma a l s o  
h o l d s  w hen m i s  r e p l a c e d  b y  a n  L^ f u n c t i o n ,  s i n c e  t h i s
7w o u ld  m e r e ly  b e  a  s p e c i a l  c a s e .
Lemma 2 . L e t  G b e  a  c o m p a c t  a b e l i a n  g r o u p ,  f  e L (G );
hr
1 < p < g e Lq (G );  1 < q < * .  Then l f * g | p q  < l f l p 1 g |q .
P r o o f . I f  e i t h e r  p o r  q = ®, t h e  p r o o f  i s  t r i v i a l ,
and  i f  e i t h e r  p  o r  q = 1 ,  t h e  p r o o f  f o l l o w s  f ro m  t h e
p r e v i o u s  r e m a r k .  The r e m a i n i n g  c a s e  o c c u r s  when 1 < p  < «>
and  1 < q < o°.
S in c e  G i s  c o m p a c t  we may a ssu m e  J* dx  = 1 .  H ence
G
f o r  f  > 1 ,  h  € L ^ ( G ) = ^ - |h |^  > J h j ^ .  W i th o u t  l o s s  o f  
g e n e r a l i t y ,  we may a ssu m e  t h a t  f  an d  g a r e  n o n - n e g a t i v e .
Now : /f(x - y)g(y)dy = |g|, I  f(x - y) dy is
Q G l 8 ' l
T o  1/,p i - V p  r „ 1/P
< l e h f  J f  (x -  y ) f s P -  dy)  = I s h  C J  f p (* -  y ) g ( y ) dy)
G , s ' l  x G
b y  t h e  p r e v i o u s l y  u s e d  r e l a t i o n s h i p  b e tw e e n  p - a r i t h m e t i c  
m eans and  a r i t h m e t i c  m e a n s .  And s i m i l a r l y :
J" fp(x - y)g(y) dy = 1#^ J ~ ^  g(y)dy <
G G l f y | ,
UP| XC / ^  gq(y)dy}1/q
< |fp| ^ 1/q( f fp(x - y)gq(y)dy)1 \
So t h a t :
(f*g)(x) = Jf(x - y)g(y)dy 
G
 ^ iia. |1“1//pl-rPi ( i - 1/ q ) 1/ p f f  ■ a i /p q .
^ »g ll lf ‘1 [ J fp (x - y)gq(y)dy}
8r  l / p q
H e n c e :  | f * g |  = ( J ( ( f * g ) ( x ) ) p q dx}
Q
< |sli'1/p|fpli/p(1‘1/q){ /  £  fp(x - y)gq(y)dydx)1/P9
< |g|J-1/p|fp| J/p(1-1/q){ |fpl1|gq|1]1/P<1
< |g|i"1/p|gqli/pclk p|i/p. Since | gq| q/q
= l s | q > ( g l ^  i t  f o l l o w s  t h a t  < |g q | ^ q ” 1 / /p q .
1 / q . 1 / p
H e n c e :  | f * g | p q  < | g q | x | f P | x  = | f | q | f | p an d  p r o o f
i s  c o m p l e t e .
I t  i s  now p o s s i b l e  t o  show t h a t  many o f  t h e  m ore
f a m i l i a r  B a n ac h  a l g e b r a s  h a v e  n o n - r e g u l a r  m ax im a l  i d e a l s .
C o r o l l a r y  1 . L e t  G b e  a  com pact*  c o m m u ta t iv e ,
n o n - d i s c r e t e  g r o u p .  Then Lp (G) i s  a  B a n ac h  a l g e b r a
u n d e r  c o n v o l u t i o n  w i t h  n o n - r e g u l a r  m ax im al i d e a l s  f o r
a l l  p  s u c h  t h a t  1 < p «>,
P r o o f . S i n c e  G i s  c o m p a c t  and  n o n - d i s c r e t e ,  i t
f o l l o w s  t h a t  1 < P < q  < 00 L (G) ^  L (G ) .  I n
p a r t i c u l a r ,  when 1  < p < » ,  i t  f o l l o w s  t h a t  L 0 (G) L „ ( G ) .
P
S i n c e  Lemma 2 (L  (G) ) 2 ^  L p (G) i t  f o l l o w s  t h a t  L (G) 
i s  a  s u b - a l g e b r a  o f  Lq (G) a n d  t h a t  (Lp ( G ) ) 2 L p ( G ) .
T hus L (G) h a s  n o n - r e g u l a r  m a x im a l  i d e a l s  (b y  Theorem  2 ) .
I n  o r d e r  t o  c o m p le te  t h e  p r o o f  t h a t  Lp (G) i s  a  B an ach  
a l g e b r a  u n d e r  c o n v o l u t i o n  w . r . t .  t h e  L -n o rm , i t  i s
Jr
s u f f i c i e n t  t o  c o n s i d e r  t h e  i n e q u a l i t y  e s t a b l i s h e d  i n  
Lemma 2 i n  t h e  c a s e  w h e re  p = q .
9F o r  L ^ G )  i t  i s  s u f f i c i e n t  t o  n o t e  t h a t  L ^ G )  CZL L2 (^ )*
and  h e n c e  ( L ^ G ) ) 2 CZ (L£ ( G ) ) 2 CZ C(G) ^  L „ ( G ) .
C o r o l l a r y  2 . L e t  G be  a  n o n - t r i v i a l  co m p a c t
c o n n e c te d  g r o u p .  Then H (G) i s  a  B anach  a l g e b r a  ( u n d e r  c o n -
hr
v o l u t i o n )  w i t h  n o n - r e g u l a r  m ax im al i d e a l s  f o r  1 < p < «>.
P r o o f . S i n c e  t h e  c o n v o l u t i o n  p r o d u c t  o f  f u n c t i o n s  
o f  a n a l y t i c  t y p e  a r e  a l s o  o f  a n a l y t i c  t y p e ,  and s i n c e  
(H p (G ))2 CZ ( L p ( G ) ) 2 C I  L 2 (G ) ,  i t  f o l l o w s  t h a t :
(H p ( G ) ) 2 C :  H g(G ) C  Hp (G ) .  Thus Hp (G) i s  a  
c l o s e d  s u b s p a c e  o f  Lp (G ) and  m u l t i p l i c a t i v e l y  c l o s e d  a s  
w e l l .  H ence H (G) i s  a  c l o s e d  s u b - a l g e b r a  o f  L ( G ) .  I n
ir
f a c t ,  H_(G) i s  a c t u a l l y  a  c l o s e d  i d e a l  o f  L (G ) .  I t  i s
hr
now s u f f i c i e n t  t o  show t h a t  1 < p  < q < «? (G) ^  Ha ( ^ )
s i n c e ,  a f t e r  t h i s  i s  d o n e ,  t h e  r e m a in i n g  p a r t  o f  t h e  p r o o f  
i s  s i m i l a r  t o  t h a t  i n  C o r o l l a r y  1 .  C o n s i d e r  a  r e a l ­
v a l u e d  f u n c t i o n  u  e L (G) -  L ( G ) .  By t h e  th e o re m  on 
p.. 217 o f  R u d i n £ t h e  f u n c t i o n  p  i s  e H (G) w h e reLi y
t h e  r e a l  p a r t  o f  i s  u .  S in c e  > | u | ,  i t  f o l l o w s
t h a t  £  k  (G) and  h e n c e  p  ft H (G ) .  Thus H (G)
Li L£ U. 4.
Hp(G) a n d  p r o o f  i s  c o m p l e t e .
The c o n c l u s i o n  o f  C o r o l l a r y  2 i s  a l s o  t r u e  f o r  
p  = 1 an d  p = oo, b u t  d i f f e r e n t  m e th o d s  o f  p r o o f  a r e  
r e q u i r e d .  The m e th o d  u s e d  b e lo w  f o r  t h e s e  c a s e s  a l s o  
p r o v i d e s  a n  a l t e r n a t i v e  p r o o f  f o r  C o r o l l a r y  2 an d  e s t a b l i s h e s  
t h e  e x i s t e n c e  o f  n o n - r e g u l a r  m ax im al i d e a l s  f o r  some o t h e r
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B a n ac h  a l g e b r a s  a s  w e l l .
T heorem  3 . L e t  G b e  a  n o n - t r i v i a l ,  c o m p a c t ,  c o n ­
n e c t e d  g r o u p .  T hen , u n d e r  c o n v o l u t i o n  m u l t i p l i c a t i o n ,
H ^(G ), Hm(G ) ,  Ca (G ) ,  C(G) a r e  B an ach  a l g e b r a s  w i t h  n o n ­
r e g u l a r  m a x im a l  i d e a l s  w h e re  Ca (G) and  C(G) a r e  d e f i n e d  
a s  i n  R u d in  [ 5 ]  and  h a v e  su p  no rm .
P r o o f . The c a s e  f o r  p = 1 i s  h a n d le d  by  a  
g e n e r a l i z a t i o n  o f  P a l e y ' s  g a p  t h e o r e m .  See  p .  213 o f  
R u d in  [ 5 J  f o r  t h e  n o t a t i o n  a s  w e l l  a s  t h e  s t a t e m e n t  o f  
t h e  t h e o r e m .
C o n s i d e r  some e le m e n t  CL e P  ( T  i s  t h e  d u a l  g ro u p
o f  G ) .  L e t  E = [3 n& | n  = 1 , 2 , 3 , . . . ) .  Now c o n s i d e r  any
Ye p  s u c h  t h a t  T  > 0 ,  and s u p p o s e  t h e r e  a r e  two i n t e g e r s
1 kj  a n d  k ,  J  < k ,  s a y ,  s u c h  t h a t  3 OL and  3 d  a r e  b o t h  e L y  
= ( y  I T  < t '  < 2 ? } ;  t h a t  i s ,  s u p p o s e  y  < 3^<y < 3 < 2 Y .
T h en , a d d in g  t h e  f i r s t  i n e q u a l i t y  t o  i t s e l f  3 J t i m e s ,  i t  
f o l l o w s  t h a t :  3k ” ^T < 3 Now i f  j  < k ,  t h e n  3k - ^ > 3
an d  3 k “ ^ r  > 3 r  = 2 T +  T  < 2 f  s i n c e  V > 0 .  H ence : 2 T
< 3 k - *V < 3k #  w h ic h  i s  a  c o n t r a d i c t i o n .  Thus f o r  y  > 0 ,  
t h e r e  may n o t  b e  m o re  t h a n  one  e l e m e n t  i n  E f l L r  . F u r t h e r ­
m o re ,  i f  T  = 0 ,  t h e n  e H l ^ ,=  0 .  H ence N ( E , t ) ,  t h e  num ber 
o f  e l e m e n t s  o f  E i n  L f ,  i s  < 1 f o r  a l l  T  > 0 f and  E s a t i s ­
f i e s  c o n d i t i o n  ( a )  i n  t h e  g a p  th e o r e m  r e f e r r e d  t o  a b o v e .
T h i s  i m p l i e s  t h a t  f o r  an y  h  € H -^G ):
2 l | h ( T ) | 2 < 00. I n  t u r n ,  b y  t h e
T e E .  '
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S c h w a r tz  i n e q u a l i t y ,  f ,  g  e H, (G) i m p l i e s  C - j f  ( T  ) g (  T  ) |
x T e E
< * .
S i n c e  f ' ( y ) g ( y )  = ( f * g ) ( T )  i t  f o l l o w s  t h a t
2 1 | h ( T ) |  < 00 f o r  a n y  f u n c t i o n  h  e (G) w h ic h  i s  t h e  
T e E
p r o d u c t  o f  a  p a i r  o f  f u n c t i o n s  i n  H ^ (G ) .  I n  t u r n ,  t h e
same i n e q u a l i t y  h o l d s  i f  h  i s  a  f i n i t e  sum o f  s u c h
p r o d u c t s ^  t h a t  i s ,  h  e ( f L ( G ) ) 2 i m p l i e s  < 00•
1 A T e E
L e t  f  b e  c o n s t r u c t e d  a s  f o l l o w s :  ^ ( ' T )  = 0 f o r  y  fi E ,
a n d  f ( 3 k tf ) = 1 / k  f o r  k  = 1 , 2 , 3 , . . .  . N o te  t h a t  f  i s
w e l l  d e f i n e d  s i n c e  at > 0 i m p l i e s  t h e  e l e m e n t s  o f  E a r e
00
d i s t i n c t .  F u r t h e r m o r e ,  s i n c e  2 I L ( ^ ) \  2 = • 1 / k 2
T e  r  k = l
< oo = ^ f  e H2 ( D  i t  f o l l o w s  t h a t  f  i s  t h e  F o u r i e r
t r a n s f o r m  o f  some f  e H0 (G) CZ H .,(G ). F i n a l l y  Z I \ f ( 7 * ) |  
00 o p T e E
= Z 1  1 / k  = co =$> f  i  ( H;l( G ) ) 2 = ^  ( ^ ( G ) ) 2 ^  h x ( g )
k = l
'==^  H-j^(G) h a s  n o n - r e g u l a r  i d e a l s .
I n  o r d e r  t o  o b t a i n  t h e  r e m a i n i n g  p a r t s  o f  t h i s  
t h e o r e m ,  t h e  c o r o l l a r y  on  p .  223 o f  R u d in  £ 5 ]  i s  
a p p l i e d ,  s e t t i n g  5 = 1 ,  t o  p r o d u c e  a  f u n c t i o n  f  e CA (G)
' ,3 "  T .  | f ( T  )| = « .  Now h e (L ( G ) ) 2 =* .  £  | h ( - v ) l <  ”  
rep  r e f
a n d  h e n c e :
f  i  (L2 (G))2 r 3  (H2 (G ) ) 2 Z> (H„(G))2 rD (Ca ( G ) ) 2
a n d  a l s o  f  ft (L 2 ( G ) ) 2 o  ( c ( G ) ) 2 » 0 n  t h e  o t h e r  h a n d  
f  e Ca (G) = H ^ G ) ^  C (G ) . T hus w h e n e v e r  R = H ^ G ) ,  Ca (G ) ,  
o r  C (G )j  f  e R -  R2 a n d  R h a s  n o n - r e g u l a r  i d e a l s .
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R e m a rk s .  I f  G i s  c o n n e c t e d ,  i t  i s  a c t u a l l y  
p o s s i b l e  t o  p r o d u c e  a  s i n g l e  e x a m p le  w h ic h  show s t h a t
p
R R f o r  a l l  o f  t h e  a l g e b r a s  c o n s i d e r e d  i n  C o r o l l a r i e s  
1 and  2 , and  Theorem  3 ,  b y  m a k in g  a  s l i g h t l y  s h a r p e r  u s e  
o f  t h e  same m e th o d s  u s e d  a b o v e .
The c o r o l l a r y  o n  p .  223 o f  R u d in  £ 5 ]  a c t u a l l y
CO
s t a t e s  t h a t  3  f  e c^ ( G) ' - 3 "  2Z I = °°» (w h e re  £ =  1
i n  t h e  s t a t e m e n t  o f  t h e  c o r o l l a r y )  an d  t h e  T j_ 's  may fo rm  
a n y  g i v e n  c o u n t a b l y  i n f i n i t e  s u b s e t  o f  p o s i t i v e  e l e m e n t s  
o f  p  . I n  p a r t i c u l a r ,  i f  , f o r  i  = 1 , 2 , 3 , . . . ;
an d  Of i s  a s  i n  Theorem  3 ,  t h i s  m ean s  Z1 | f (  T ) ]  = 00
2 res 1
an d  f  i  ( H ^ G ) )  b y  t h e  g a p  t h e o r e m  a rg u m e n t  i n  t h e  f i r s t
p a r t  o f  T heorem  3 .  H ence  f  ft (H ( G ) ) 2 CZ (H - ,(G ))2 f o r  a l l
n
p > 1 .  F o r  1 < p < 00, f  e (L ( G ) ) 2 = ^  f  = 21  wh©re
p k = l  K K
t h e  gv ' s  and  h, ' s  a r e  L (G) f u n c t i o n s .  B u t  s i n c e  f  i s  o f
_  n p n
a n a l y t i c  t y p e ,  f  = < P ( H  6k *h k )  = 4 g k * * h k* w h e re  ^
k = l  k = l
i s  d e f i n e d  o n  p .  2 1 6  o f  R u d in  [ 5 J .  By t h e  th e o r e m  on
p .  217 o f  R u d in  [ 5 J ,  Sk and  < K  a r e  Hp(G) f u n c t i o n s
f o r  a l l  k  = 1 , 2 , 3 , . . . ,  n ;  w h ic h  i m p l i e s  f  e (H ( G ) ) 2 and  i s
hrp
a  c o n t r a d i c t i o n .  H ence f  ft (L  (G ))  f o r  1 < p < °°.
hr
S i n c e  C(G) C l  L ^ G )  CL L2 (G ) ,  i t  f o l l o w s  t h a t  f  ft ( C ( G ) ) 2 
a n d  f  i  ( ^ ( G ) ) 2 a s  w e l l ;  t h a t  i s ,  f  £  R2 f o r  a n y  o f  t h e  
a l g e b r a s  c o n s i d e r e d  i n  C o r o l l a r i e s  1 an d  2 ,  a n d  T heorem  3 
( i f  G i s  c o n n e c t e d ) .
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On t h e  o t h e r  h a n d ,  C^(G) C  B f o r  a l l  s u c h  R and
2h e n c e  f  e R -  R f o r  a l l  s u c h  R.
F u r t h e r m o r e ,  e x c e p t  f o r  R = H ^ G )  o r  L ^ G ) ,
2
a l l  s u c h  R a r e  s u c h  t h a t  R i s  d e n s e  i n  R. I n  f a c t ,  f o r
00
s u c h  a l g e b r a s  R, e x c e p t  H^fG) and  Lm(G ) ,  t h e  i d e a l  H  Rn
n = l
i s  d e n s e  i n  R s i n c e  t h i s  i d e a l  c o n t a i n s  a l l  o f  t h e  
t r i g o n o m e t r i c  p o l y n o m i a l s  b e l o n g i n g  t o  R. H en ce , f o r  
s u c h  R, e x c e p t  H ^ G )  and L ^ G ) ,  t h e  n o n - r e g u l a r  m ax im a l  
i d e a l s  a r e  d e n s e  i n  R. A t t h e  e n d  o f  C h a p te r  I I ,  f o r
G = T, an  e x am p le  w i l l  b e  c o n s t r u c t e d  o f  a  f u n c t i o n
00
f  e D  Rn  f o r  e v e r y  a l g e b r a  R c o n s i d e r e d  i n  C o r o l l a r i e s  1 
n = l
and  2 ,  an d  Theorem  3 , s u c h  t h a t  f  i s  n o t  a  t r i g o n o m e t r i c  
p o l y n o m i a l .
Some o f  t h e  n o n - r e g u l a r  m a x im a l  i d e a l s  o f  Hoo(G) 
and L ^ G )  a r e  c l o s e d  h o w e v e r ,  and  t h e y  a r e  c h a r a c t e r i z e d  
i n  t h e  f o l l o w i n g  p r o p o s i t i o n :
P - 5 .  L e t  G b e  c o m p a c t  and  c o m m u ta t iv e .  Then t h e  
c l o s e d  n o n - r e g u l a r  m a x im a l  i d e a l s  o f  LC0(G) a r e  p r e c i s e l y  
t h e  c l o s e d  m a x im a l  l i n e a r  s u b s p a c e s  c o n t a i n i n g  C (G ). I f  
i n  a d d i t i o n  G i s  c o n n e c t e d ,  t h e  same s t a t e m e n t  i s  v a l i d  
i f  L ^ G )  i s  r e p l a c e d  b y  H ^ G ) ,  a n d  C(G) i s  r e p l a c e d  b y  
F u r t h e r m o r e :  f o r  e a c h  y e Loo(G) -  C(G)
[ y  6 Hoo(G) ”  t h e r e  i s  a  c l o s e d ,  n o n - r e g u l a r
m a x im a l  i d e a l  w h ic h  d o e s  n o t  c o n t a i n  y .
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P r o o f . I f  M i s  a  c l o s e d  m a x im a l  s u b s p a c e  c o n t a i n i n g  
C(G) Lca ( G ) ] ,  t h e n  M ZD ( L ^ G ) ) 2 [M ID ( H ^ G ) ) 2] ,  a n d  m u s t  
b e  a  c l o s e d ,  n o n - r e g u l a r  m a x im a l  i d e a l .  I f  M i s  a  c l o s e d ,
n o n - r e g u l a r  m a x im a l  i d e a l ,  t h e n  M m u s t  b e  a  c l o s e d  m ax im a l
2 ~~2s u b s p a c e  c o n t a i n i n g  R . S i n c e  M i s  c l o s e d ,  M ?  =
C(G) LcA(G)J.
I f  y  e L „(G ) -  C(G) Cy 6 H j O )  -  CA( G ) L  t h e n  s i n c e  
C(G) C.Ca (G )J  i s  a  c l o s e d  l i n e a r  s u b s p a c e  o f  L ^ G )  [ . ^ ( G ) ] ,  
t h e  H a h n -B a n a c h  T heorem  may b e  a p p l i e d  t o  p r o d u c e  a  b o u n d e d  
(a n d  h e n c e  c o n t i n u o u s )  l i n e a r  f u n c t i o n a l ,  L , o n  L ^ G )
[Hoo(G )3 w h ic h  v a n i s h e s  o n  C(G) [.Ca (G )3 j a n d  s u c h  t h a t  
L ( y )  = 1 .  L- 1 ( 0 )  i s  t h e  d e s i r e d  m a x im a l  i d e a l .
I t  i s  a l s o  o f  i n t e r e s t  h e r e  t o  d i s c u s s  t h e  m a x im a l
r e g u l a r  i d e a l s .
P - 6 . I f  G i s  c o m p a c t  and  c o m m u ta t iv e ,  and  i f  
r  = L fG - )  f o r  1 < p < o r  i f  R = C (G ), t h e n  t h e  r e g u l a r
ir
m a x im a l  i d e a l s  c o r r e s p o n d  t o  t h e  c h a r a c t e r  f u n c t i o n s  b e l o n g ­
i n g  t o  R; t h a t  i s ,  f o r  a n y  r e g u l a r  m ax im a l i d e a l  M, t h e r e  i s  
a n  e l e m e n t  Y e P  s u c h  t h a t  M = My, t h e  s e t  o f  a l l  e l e m e n t s  
o f  R w hose  F o u r i e r  t r a n s f o r m s  v a n i s h  on  Y * I f  G i s  a l s o  
c o n n e c t e d ,  t h e n  t h e  same s t a t e m e n t  i s  v a l i d  i f  L - fG )  i s
Jr
r e p l a c e d  b y  Hp(G) an d  C(G) i s  r e p l a c e d  b y  Ca (G ) .
P r o o f . I t  h a s  b e e n  p r e v i o u s l y  n o t e d  t h a t  f o r  a l l
s u c h  a l g e b r a s  e x c e p t  L (G) a n d  H (G ) ,  t h a t  t h e  t r i g o n o m e t r i c
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p o l y n o m i a l s  b e l o n g i n g  t o  t h e  a l g e b r a  a r e  d e n s e  i n  t h e  a l g e b r a .  
H e n c e ,  i n  t h e s e  c a s e s ,  a  r e g u l a r  m a x im a l  i d e a l ,  b e i n g  c l o s e d ,  
m u s t  n o t  c o n t a i n  a l l  t h e  t r i g o n o m e t r i c  p o l y n o m i a l s  b e l o n g ­
i n g  t o  t h e  a l g e b r a .  Now t h e  c l o s u r e  o f  t h e  t r i g o n o m e t r i c  
p o l y n o m i a l s  i n  L ^ G )  i s  C(G) ^  ( ^ ( G ) ) 2 , and  t h e  c l o s u r e  
o f  t h e  t r i g o n o m e t r i c  p o l y n o m i a l s  i n  H^(G) i s  CA (G) HD ( Heo(G))2 . 
H ence  any  c l o s e d  m ax im a l  i d e a l  c o n t a i n i n g  t h e  t r i g o n o m e t r i c  
p o l y n o m i a l s  o f  e i t h e r  o f  t h e s e  a l g e b r a s  m u s t  a l s o  c o n t a i n  
t h e  i d e a l  g e n e r a t e d  b y  p r o d u c t s  o f  p a i r s  o f  e l e m e n t s  a n d  
m u s t  h e n c e  b e  n o n - r e g u l a r .  T hus f o r  a l l  s u c h  a l g e b r a s  c o n ­
s i d e r e d  h e r e ,  a  r e g u l a r  m a x im a l  i d e a l ,  M, m u s t  n o t  c o n t a i n  
a l l  t h e  t r i g o n o m e t r i c  p o l y n o m i a l s .  H e n c e ,  s i n c e  t h e  
t r i g o n o m e t r i c  p o l y n o m i a l s  a r e  f i n i t e  sum s o f  c h a r a c t e r  
f u n c t i o n s  b e l o n g i n g  t o  t h e  a l g e b r a ,  3  some c h a r a c t e r  
f u n c t i o n ,  s a y  Y  ,  s u c h  t h a t  Y  fi M. T hus M My, an d  s i n c e  
M a n d  M-y* a r e  b o t h  m a x im a l ,  M = My, a n d  t h e  p r o p o s i t i o n  i s  
p r o v e d .
R e m a r k s . A l l  o f  t h e  a l g e b r a s  d i s c u s s e d  i n  P - 6  a r e  
s e m i - s i m p l e .  W ith  t h e  e x c e p t i o n s  o f  L ^ G )  a n d  H ^ G ) ,  t h e  
c l o s u r e  o f  a n  i d e a l  i s  p r o p e r  i f  an d  o n l y  i f  t h e  i d e a l  i s  
c o n t a i n e d  i n  some r e g u l a r  i d e a l .  F u r t h e r m o r e :
P - 7 . I f  G i s  n o n - d i s c r e t e  and  R i s  o n e  o f  t h e  a l g e b r a s  
d i s c u s s e d  i n  P -6  e x c e p t  f o r  ^ ( G )  a n d  H ^ G ) ,  t h e n  t h e  c l o s e d  
i d e a l s  a r e  c o m p l e t e l y  d e t e r m i n e d  b y  t h e  t r i g o n o m e t r i c  p o l y ­
n o m i a l s  w h ic h  b e l o n g  t o  th e m .
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P r o o f . L e t  E C  f , R e c a l l  t h a t  P  i s  d i s c r e t e .
Now i f  R = Ln (G) ? 0T 1 < P < 00 [R  = 0 ( 0 ) ”] ,  t h e n  a n  e l e m e n t***
A e R* i s  i d e n t i f i e d  w i t h  some ^  e L (G ) ,  s a y ,  Qsome m e M(G)] 
by  t h e  r e l a t i o n s h i p :
A f = (f*<£ ) ( 0 )
L e t  I q (E) d e n o t e  t h e  c l o s e d  i d e a l  g e n e r a t e d  b y  t h e  
t r i g o n o m e t r i c  p o l y n o m i a l s  w h ic h  v a n i s h  on  E , T h i s  i s  t h e  
s m a l l e s t  c l o s e d  i d e a l  h a v i n g  E a s  a  z e r o  s e t ;  t h a t  i s ,  i f  
I  d e n o t e s  a n y  o t h e r  c l o s e d  i d e a l  h a v i n g  E a s  a  z e r o - s e t ,  
t h e  I 0 (E ) CZ. I .  The p r o b le m  h e r e  i s  t o  show t h a t  I q (E ) = I .
L e t  A b e  a n y  e l e m e n t  o f  R* s u c h  t h a t  A IQ(E ) = 0 ,  
and  l e t  f  e I .  L e t  ^  b e  t h e  f u n c t i o n  i d e n t i f i e d  w i t h  A 
[m b e  t h e  m e a s u r e  i d e n t i f i e d  w i t h  Aj a s  a b o v e .  Now i f  ir ~
i s  any  t r i g o n o m e t r i c  p o l y n o m i a l  b e l o n g i n g  t o  R, i r* f  i s  a
t r i g o n o m e t r i c  p o l y n o m i a l  b e l o n g i n g  t o  I Q(E ) and  h e n c e :
0 = Air*f = ( i r* f*  < f ) ( 0 )  [ 0  = Air*f = (7r*f *m) (0)].
Now i f  x  e G, ( i r * f * ^ ) ( x )  = ( i r „ * f * ^ ) ( 0 )  [_ (ir* f*m )(x)
= (tt * f  *m) (0 )1  w h e re  ir i s  d e f i n e d  b y  ir ( t )  = tt( x +  t ) .X A X
S i n c e  ir i s  a l s o  a  t r i g o n o m e t r i c  p o l y n o m i a l  o f  R , i t  f o l l o w s
t h a t  ( i r * f * ^ ) ( x )  = 0 [  ( i r* f  *m) (x )  = Oj f o r  e v e r y  x e G;
t h a t  i s ,  7r*f* ^  = 0 [ ir* f#m  = O j f o r  e v e r y  t r i g o n o m e t r i c  
p o l y n o m i a l ,  ir, o f  R. S i n c e  t h e  t r i g o n o m e t r i c  p o l y n o m i a l s  
a r e  d e n s e  i n  R, h e r e ,  i t  f o l l o w s  t h a t  f * ^ =  0 £f*m  = 0} and
i n  p a r t i c u l a r  0 = 0 )  = A f £ 0  = ( f * m ) ( 0 )  = A f} .
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T h u s ,  e v e r y  A e R* s u c h  t h a t  A Iq (E)  = 0  i s  a l s o  s u c h  t h a t  
A I = 0 ,  and  b y  t h e  H ah n -B an ach  T heo rem , I  = I Q( E ) .
The r i n g s  c o n s i d e r e d  i n  t h i s  p r o p o s i t i o n  w h ic h  a r e  
o f  a n a l y t i c  t y p e  a r e  h a n d le d  b y  t h e  u s e  o f  t h e  f a c t  t h a t  i f  
R^ i s  t h e  s u b r i n g  o f  f u n c t i o n s  o f  a n a l y t i c  t y p e  i n  a n y  o f  
t h e  r i n g s  R c o n s i d e r e d  a b o v e ,  t h e n  a  c l o s e d  s u b s p a c e  o f  R^
i s  an  i d e a l  o f  R1 i f  and  o n l y  i f  i t  i s  a l s o  a n  i d e a l  o f  R.
C l e a r l y  i t  i s  now s u f f i c i e n t  t o  e s t a b l i s h  t h i s  f a c t .  L e t  
I  b e  a  c l o s e d  s u b s p a c e  o f  R ^ . Then I  i s  a l s o  a  c l o s e d  s u b s p a c e  
o f  R a n d ,  s i n c e  R i s  a n  o v e r - r i n g  o f  R ^, i f  I  i s  a n  i d e a l
o f  R; i t  i s  a n  i d e a l  o f  R-^. Now i f  I  i s  an  i d e a l  o f  R.^,
l e t  f  e I  and  g  e R. S i n c e  t h e  t r i g o n o m e t r i c  p o l y n o m i a l s  
o f  R a r e  d e n s e  i n  R, 3  t r i g o n o m e t r i c  p o l y n o m i a l s  i r —*-g i n  
t h e  norm  o f  R. H ence  f * 7 r —* - f* g  i n  t h e  norm  o f  R (an d  R ^ ) .
B u t  f*7T e I  f o r  a l l  t r i g o n o m e t r i c  p o l y n o m i a l s  tt,  a n d  h e n c e  
f * g  e T  = I .  T h i s  e s t a b l i s h e s  t h a t  I  i s  a l s o  a n  i d e a l  o f  R 
and  t h e  p r o p o s i t i o n  i s  p r o v e d .
R e m a rk s .  I f  R i s  a s  i n  P - 6 ,  t h e n  a  p r o p e r  c l o s e d  
p r im e  i d e a l  o f  R i s  one  o f  t h e  r e g u l a r  m ax im a l  i d e a l s  o f  R.
I t  i s  c l e a r  t h a t  n o  p r im e  i d e a l ,  P , o f  R may e x c l u d e
m ore  t h a n  o n e  c h a r a c t e r  f u n c t i o n ,  s i n c e  t h e  p r o d u c t  o f  a n y
tw o d i s t i n c t  c h a r a c t e r  f u n c t i o n s  i s  0 e P .  On t h e  o t h e r  h a n d ,
i t  w as show n i n  t h e  p r o o f  o f  P -6  t h a t  c l o s u r e  o f  t h e  i d e a l
2
g e n e r a t e d  b y  t h e  c h a r a c t e r  f u n c t i o n s  I n  R c o n t a i n e d  R i n  
e v e r y  c a s e  c o n s i d e r e d .  H ence  a  p r o p e r  c l o s e d  p r im e  i d e a l ,  P ,
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o f  R m u s t  e x c l u d e  e x a c t l y  o n e  c h a r a c t e r  f u n c t i o n ,  s a y  Y e p .  
Now i f  R i s  a s  i n  P - 7 ,  t h e  c o n c l u s i o n  o f  P -7  i m p l i e s  t h a t  
P = My. I n  c a s e  R = L ^ G )  [ H cq( G ) ] ,  t h e n  P f \C (G )  C P 0 CA( G) ]  
i s  a  c l o s e d  i d e a l  i n  C(G) [C a (G )3  a n d  h e n c e ,  b y  P-7# c o n ­
t a i n s  e v e r y  f  e C(G) Lca (G ) ]  w h ic h  v a n i s h e s  a t  7  . I f  
g e Mr  CL LW(G) [ g  e C  HooCG)]* t h e n  g*g  i s  i n  C(G) 
Cca (G )]  a n d  v a n i s h e s  a t  T  j  t h a t  i s ,  g * g  e P an d  h e n c e ,  b y  
d e f i n i t i o n  o f  p r i m e ,  g e P .  H ence  M y  CZ P a n d ,  s i n c e  Mr  
i s  m a x im a l ,  M y  = P .
The c l o s e d  i d e a l s  o f  r i n g s  R a s  i n  P - 7  may b e  f u r t h e r  
c h a r a c t e r i z e d  a s  f o l l o w s :
P - 8 . L e t  R b e  a s  i n  P - 7 .  T hen  t h e  c l o s e d  i d e a l s  o f  
R a r e  e x a c t l y  t h e  c l o s e d  t r a n s l a t i o n - i n v a r i a n t  s u b s p a c e s  o f  
R.
P r o o f . I f  I  i s  a n  i d e a l  o f  R , t h e n  I  i s  t h e  c l o s u r e  
o f  t h e  t r i g o n o m e t r i c  p o l y n o m i a l s  b e l o n g i n g  t o  i t  a n d  m u s t  be  
t r a n s l a t i o n  i n v a r i a n t  s i n c e  i t s  t r i g o n o m e t r i c  p o l y n o m i a l s  a r e .
I f  I  i s  a  c l o s e d  t r a n s l a t i o n - i n v a r i a n t  s u b s p a c e ,  t h e  
i d e n t i f i c a t i o n  o f  e l e m e n t s  o f  R* w i t h  f u n c t i o n s  4> [ o r  
m e a s u r e s  m ]  a s  i n  P - 7  a l l o w s  t h e  same m e th o d  u s e d  t o  p r o v e  
t h i s  p a r t  o f  t h e  sam e p r o p o s i t i o n  f o r  L-^(G) o n  p .  157  o f  
R u d in  [ 5 3  t o  b e  u s e d  i n  c a s e  R = L (G ) ,  1 < p  < » ,  o r  R = C (G ),
r
w h i l e  i f  R i s  t h e  s u b r i n g  o f  a n a l y t i c  t y p e  i n  a n y  o f  t h e s e  
r i n g s ,  t h e  t r a n s l a t i o n  i n v a r i a n c e  o f  I  i m p l i e s  I  i s  an  i d e a l  
o f  t h e  l a r g e r  r i n g  a n d  h e n c e  a l s o  o f  R .
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R e m a rk s . The c o n c l u s i o n s  o f  t h e  a b o v e  p r o p o s i t i o n  
a r e  no  l o n g e r  t r u e  i n  c a s e  R = L ^ G )  o r  H ^ G ) .  I f  G i s  a  
n o n - d i s c r e t e ,  c o m p a c t  c o m m u ta t iv e  g r o u p ,  i t  i s  p o s s i b l e  t o  
c h o o s e  a  n e ig h b o r h o o d  U o f  0  e G s u c h  t h a t  t h e  b o u n d a r y  o f  U
i s  n o n - e m p ty  and  s u c h  t h a t  U e x c l u d e s  some o p e n  s u b s e t  o f  G.
I f  u  i s  t a k e n  t o  be  t h e  c h a r a c t e r i s t i c  f u n c t i o n  o f  U, u  i s  
c o n t i n u o u s  e v e r y w h e r e  e x c e p t  t h e  b o u n d a r y  o f  U. L e t  I  b e  
t h e  i d e a l  g e n e r a t e d  b y  u  and  C (G ). T hen e v e r y  e l e m e n t  o f  I  
c a n  b e  a p p r o x im a te d  u n i f o r m l y  b y  f u n c t i o n s  o f  t h e  t y p e  ^ u  + m 
w h e re  )  e and  m e C (G ). S i n c e  e a c h  f u n c t i o n  o f  t h a t  t y p e  
i s  c o n t i n u o u s  o f f  t h e  b o u n d a r y  o f  U, e v e r y  u n i f o r m  l i m i t  o f  
s u c h  f u n c t i o n s  m u s t  b e  a l s o .  I f  x  e U -  U, t h e n  u  d e f i n e d  
by  u  ( t )  = u ( x  + t )  h a s  a  d i s c o n t i n u i t y  a t  0 e U and  h e n c e  
d o e s  n o t  b e l o n g  t o  T .  The c l o s e d  i d e a l  I ,  t h e n  i s  n o t
t r a n s l a t i o n  i n v a r i a n t .  I n  c a s e  R = H ^ fG ),  u  i s  c h o s e n  a s
b e f o r e ,  an d  a p p r o x im a te d  b y  a  s e q u e n c e  f l J f 2 '  . . .  o f  r e a l  
t r i g o n o m e t r i c  p o l y n o m i a l s  s u c h  t h a t  0 < *P j(x )  < 1 f o r  a l l  
x  € G, j  = 1 ,  2 ,  . . .  ; and  s u c h  t h a t  - P j — »-u i n  L2 n o rm .
L e t  cTj, 0^2^ • • •  b e  "the c o n j u g a t e s  t o  f 2 ,  . . .
+ i  i s  t h e  t r i g o n o m e t r i c  p o l y n o m i a l  o f  a n a ­
l y t i c  t y p e  w i t h  r e a l  p a r t  j> j  and  w i t h  i m a g i n a r y  p a r t  cTj 
s u c h  t h a t  0 ^ ( 0 )  = 0 .
The s e q u e n c e  (e  
L00(G ) -n o rm , a n d ,  h e n c e  i n  Lg(G) n o rm , s o  t h a t  a  s u b s e q u e n c e
4> 1+ i  c r 1 «
} a i s  u n i f o r m l y  b o u n d e d  i n
so  t h a t
f t
V
a
t
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-p j + i  OS M
may b e  c h o s e n  s u c h  t h a t  { (e  1 J n  ) ) n _ i  c o n v e r g e s  p o i n t w i s e  
o n  P  . By t h e  P l a n c h e r e l  T heorem , t h e s e  p o i n t w i s e  c o n v e r g e n t  
F o u r i e r  t r a n s f o r m s  m u s t  b e  b o u n d e d  i n  L^( D  norm  an d  h e n c e  
m u s t  c o n v e r g e  i n  norm  a s  w e l l .  U s in g  t h e  P l a n c h e r e l
Theorem  a g a i n ,  i t  i s  s e e n  t h a t  f o r  t h i s  s u b s e q u e n c e
f j n + i  t r j n
e  c o n v e r g e s  i n  L2 (G) norm  t o  some f u n c t i o n ,  s a y
f  € L2 (G ) .
I t  now f o l l o w s ,  s i n c e  t h e  1 s c a n  b e  made t o  
a p p r o a c h  u u n i f o r m l y  o n  c o m p a c t  s u b s e t s  o f  G m i s s i n g  t h e  
b o u n d a r y  o f  U, t h a t  \ f ( d i f f e r s  f ro m  e u  o f f  o f  t h e  b o u n d a r y  
o f  U b y  a t  m o s t  a  s e t  o f  m e a s u r e  z e r o ;  a n d ,  s i n c e  e a c h
f  1+ ie J i s  u n i f o r m l y  b o u n d e d  by  e ,  | f | <  e ,  a . e .
H ence  f ,  m o d u lo  a  s e t  o f  m e a s u r e  0 ,  i s  a n  L ^ G )
f u n c t i o n  w hose  a b s o l u t e  v a l u e  i s  l o c a l l y  c o n s t a n t  o f f  t h e
b o u n d a r y  o f  U, a n d  i s  d i s c o n t i n u o u s  on  t h e  b o u n d a r y  o f  U.
Once i t  i s  shown t h a t  f  i s  o f  a n a l y t i c  t y p e ,  a  c l o s e d  i d e a l
o f  Hoo(G) w h ic h  i s  n o t  t r a n s l a t i o n  i n v a r i a n t  may b e  c o n s t r u c t e d
u s i n g  t h e  same m e th o d  a s  b e f o r e .
✓ j+i <r. oo n
Now the function e J 21
n=0 J J
i s  t h e  l i m i t  o f  a n  a b s o l u t e l y  c o n v e r g e n t  s e q u e n c e  o f  t r i g o n o ­
m e t r i c  p o l y n o m i a l s  o f  a n a l y t i c  t y p e .  H ence e a c h  e 
e C^(G) d  H2 (G) a n d  s i n c e  H2 (G) i s  c l o s e d  i n  L2 (G ) ,  f  e 
H g ( 8 ) s  t h a t  i s ,  f  e H2 (G )P lL „ (G )  = H j O ) .
f J + i
CHAPTER I I
N o t a t i o n .
£  -  d e n o t e s  t h e  co m p lex  n u m b e rs .
D -  d e n o t e s  t h e  o p e n  u n i t  d i s c
A(D) -  d e n o t e s  t h e  s e t :  {f \ f  i s  a n a l y t i c  on  D}
H(D) -  d e n o t e s  t h e  s e t :  [ f  | f  i s  h a rm o n ic  on  D)
f  -  d e n o t e s  t h e  f u n c t i o n :  f  ( z )  = f ( w z )w w ' '  K '
f o r  f  € A(D) o r  H (D ).
A(D) -  d e n o t e s  t h e  s e t :  { f  | f  e A(D) f o r  some p > 1}
jhr
H(D) -  d e n o t e s  t h e  s e t :  { f  | f  e H(D) f o r  some p > 1)
£r
F o r  t h e  f i r s t  p r o p o s i t i o n  i n  t h i s  c h a p t e r  X w i l l  d e n o te
a  t o p o l o g i c a l  l i n e a r  s p a c e  a s  d e f i n e d  i n  N a i m a r k t 3 3  w i t h  a
t o p o l o g y  n o t  w e a k e r  t h a n  t h e  c o m p a c t  o p e n  t o p o l o g y  and n o t
s t r o n g e r  t h a n  t h e  u n i f o r m  c o n v e r g e n c e  t o p o l o g y .  F u r t h e r m o r e
i t  w i l l  b e  a ssum ed  t h a t  e i t h e r  A(D) d  X CZ A(D) o r  t h a t
H(D) CZ X d H ( D ) .  F i n a l l y  i t  w i l l  b e  assum ed  t h a t :
f r —o < r< l" J*’ f  in toPolosy o f  x  f o r  a l l  f  e X. N o te  t h a t  
r d l
t h i s  l a s t  a s s u m p t io n  i m p l i e s  t h e  s u b s p a c e  o f  p o l y n o m i a l s  i s  
d e n s e  i n  X s i n c e  a n y  f  e X c a n  b e  a p p r o x im a te d  b y  f r ' s  w h ic h  
i n  t u r n  c a n  b e  a p p r o x im a te d  u n i f o r m l y  b y  p o l y n o m i a l s .
21
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The c l a s s i c a l  s p a c e s  ( a s  d e f i n e d ,  f o r  e x a m p le ,  i n
H offm an [ 2 3 )  f o r  0 < p < <» a r e  e x a m p le s  s a t i s f y i n g  t h e  ab o v e
h y p o t h e s i s .  I n  f a c t ,  t h e  s p a c e s  H ( T ) ;  0 < p < »  [ l  (T ) f o r
P P
1 < p < °°] j w h e re  T d e n o t e s  t h e  c i r c l e  g r o u p  and  H (T)
P
L p(T ) a r e  d e f i n e d  a s  i n  C h a p te r  I ,  may b e  i d e n t i f i e d  w i t h
t h e  c l a s s i c a l  Hp s p a c e s  [ t h e  s p a c e  Lp (= { u  \ u  e H ( D ) ' - 9 " u ( r e 1 0 )
r e g a r d e d  a s  .a  f u n c t i o n  o f  9 h a s  a  l i m i t  i n  L norm  a s
P
r  > >-1 ,  0 < r  < 1 )  ) ]  b y  u s e  o f  t h e  c o r r e s p o n d e n c e  b e tw e e n
f u n c t i o n s  i n  H p(T) CLp ( T ) 3  t h o s e  f u n c t i o n s  o n  D w hose  
L a u r e n t  c o e f f i c i e n t s  a g r e e  w i t h  t h e  c o r r e s p o n d i n g  F o u r i e r  
c o e f f i c i e n t s  o f  t h e  p a r t i c u l a r  H (T) f u n c t i o n  LLd (T)  f u n c t i o n ] .
P P
T h is  c o r r e s p o n d e n c e  i s  an  i s o m e t r i c  i s o m o r p h is m .  N o te  t h a t
t h e  s p a c e s  Ln (T ) f o r  1 < p < <» a r e  i d e n t i f i e d  i n  t h i s  m a n n e r
w i t h  s p a c e s  s a t i s f y i n g  t h e  a b o v e  c o n d i t i o n s  on  D. P r o o f s  a r e
g i v e n  i n  H o ffm a n [ 2 ] .  O t h e r  e x a m p le s  o f  s u c h  s p a c e s  X w h ic h
a p p e a r  f r e q u e n t l y  a r e  t h e  s p a c e  A(D) [H (D ) ]  w i t h  t h e  c o m p a c t
o p en  t o p o l o g y  and  t h e  s p a c e  o f  f u n c t i o n s ,  c o n t i n u o u s  on  D and
a n a l y t i c  [ h a r m o n i c ]  on D w i t h  t h e  u n i f o r m  c o n v e r g e n c e  t o p o l o g y .
P - 9 * L e t  T e X*, t h e  s p a c e  o f  c o n t i n u o u s  l i n e a r
f u n c t i o n a l s  o n  X. T hen 3  a  f u n c t i o n  g € A(D) ( o r  H (D ))  so
t h a t  f o r  f  e X, ( g * f ) ( l )  = T f ;  ( ( g * f ) ( l )  i s  d e f i n e d  t o  b e
l i m  ( g * f ) ( r ) j  * d e n o t e s  c o n v o l u t i o n  m u l t i p l i c a t i o n ) . 
r -* - l
P r o o f . L e t  bn  = Tz11 ( 11 s h o r t h a n d ' '  n o t a t i o n  f o r  
bn  = T fn  w h e re  f n ( z )  = zn ) ,  n  = 0 , 1 , 2 , . . .  .
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Now t h e  f u n c t i o n  (1  -  r z ) " 1 h a s  r a d i u s  o f  c o n v e r g e n c e
> 1 f o r  a l l  0 < r  < 1 ,  so  t h a t  (1  -  r z )  € X and  h e n c e
N ,
T (1  -  r z )  e x i s t s .  F u r t h e r m o r e  21  ( r z )  — _ r z ) “
1=0
u n i f o r m l y  so  t h a t  c o n v e r g e n c e  o f  t h e s e  p a r t i a l  sums i s  a l s o  
i n  t h e  t o p o l o g y  o f  X. By c o n t i n u i t y  o f  T:
N ,  N i  N i
l i m  ZL b . ( r z )  = l i m  T( 21 ( r z )  ) = T ( l im  Z .  ( r z )  )
N-^-oo 1=0 N-*»°° i= 0  M N-^oo 1=0
= T (1  -  rz )" " 1 . T h is  i m p l i e s  Z L  b . r 1 e x i s t s  f o r  a l l  r  < 1 ,
i= 0  1
00 iH en ce , Z T  b . r  i s  a b s o l u t e l y  c o n v e r g e n t  f o r  a l l  r  < 1 w h ic h ,
i = 0  1 i
i n  t u r n ,  i m p l i e s  g ( z )  = Z_  b . z  i s  a n a l y t i c  o n  D.
i = 0  1
F u r t h e r m o r e  i f  i t  i s  n e c e s s a r y  t o  c o n s i d e r  bn ' s  f o r  
n e g a t i v e  n ,  t h e  same p r o c e d u r e  i s  v a l i d  u s i n g  t h e  f u n c t i o n  
(1  -  rz")""1 i n  p l a c e  o f  (1  -  r z ) - 1 .
Now e a c h  f  e X h a s  a  L a u r e n t  e x p a n s i o n :  f  = Z .  a j z ^ ,
and f o r  e a c h  r  < 1 :
N i-ji i
l im  21  a ^ r  d z ‘l * . f  ( z )  u n i f o r m l y  ( a n d  h e n c e  i n  t h e  
N-voo j= -N  d
t o p o l o g y  o f  X. T h u s :
-H» . . .  N i . i
( g * f X r )  = 21 b . a . r J , = l i m  ZL  b . a . r ,dl
-oo d d N-*-«> j= -N  d d
N 1= l i m  T( 2 1  a . z d ) = T ( f  ) by  c o n t i n u i t y  
N-**oo j= -N  d r
o f  T. S i n c e  i s  t h e  t o p o l o g y  o f  X: ( g * f ) ( r )  =
T f  —  --------- * - T ( f )  and  t h e  p r o p o s i t i o n  i s  p r o v e d .
r  r  _ ^ i _
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R e m a rk s .  I f  lw| < 1 ,  f  € X = > f _ .  e X, t h e n  g * f  h a s
r a d i a l  l i m i t  e v e r y w h e r e .  I f  i n  a d d i t i o n  t h e  map w —1»-f i s
c o n t i n u o u s  w . r . t .  t h e  t o p o l o g y  o f  X, t h e n  g * f  i s  c o n t i n u o u s .
The p r o o f s  o f  t h e s e  a r e  t r i v i a l .
F o r  t h e  n e x t  p r o p o s i t i o n  X w i l l  b e  a s  b e f o r e  e x c e p t
t h a t  t h e  a s s u m p t io n :  f   » - f  w i l l  b e  d r o p p e d .  I t  w i l l
r  r - * - l -
f u r t h e r  b e  a ssu m ed  t h a t  X i s  m e t r i c  ( o r  e q u i v a l e n t l y ,  X i s
f i r s t  c o u n t a b l e ,  o r ,  t h a t  X h a s  a  c o u n t a b l e  b a s e  a t  0 ) ,  and
c o m p le t e  w . r . t .  i t s  m e t r i c .
A l l  o f  t h e  e x a m p le s  g i v e n  i n  t h e  d i s c u s s i o n  p r e c e e d i h g
P -9  a l s o  s a t i s f y  t h e s e  h y p o t h e s e s  ( a l l  h a v e  a  c o u n t a b l e  b a s e
a t  0 )  b u t  t h e r e  a r e  some e x a m p le s  o f  i n t e r e s t  h e r e  w h ic h  do
n o t  s a t i s f y  t h e  h y p o t h e s i s  o f  P - 9 .  F o r  e x a m p le :
The s p a c e  o f  f u n c t i o n s  i n  H(D) d e t e r m i n e d  ( t h r o u g h
i n t e g r a t i o n  w . r . t .  t h e  P o i s s o n  k e r n e l )  b y  e l e m e n t s  o f  M (T),
no rm ed  b y  t h e  v a r i a t i o n  no rm . Of s p e c i a l  i n t e r e s t  i s  t h e
s u b s p a c e  o f  r e a l  h a rm o n ic  f u n c t i o n s  o f  t h i s  s p a c e .
P - 1 0 . L e t  X be  d e s c r i b e d  a s  a b o v e .  L e t  g e A(D)
( o r  H (D ))b e  s u c h  t h a t  l i m  ( g * f ) ( r )  e x i s t s  f o r  a l l  f  e X.
r —>-1
S u p p o se  X i s  c o m p l e t e ,  and  t h a t  T : X— C  i s  d e f i n e d  b y  T ( f )
= ( g * f ) ( l ) .  Then T e X*.
P r o o f . C l e a r l y  T i s  l i n e a r .  I t  r e m a in s  t o  b e  shown 
t h a t  T i s  c o n t i n u o u s .  W i th o u t  l o s s  o f  g e n e r a l i t y  i t  may be  
a ssu m ed  t h a t  t h e  m e t r i c  on  X i s  i n v a r i a n t  and  t h e  n o t a t i o n
25
k
| x |  w i l l  b e  u s e d  t o  d e n o t e  t h e  d i s t a n c e  b e tw e e n  x  e X an d  0 e X, 
By t h e  l i n e a r i t y  o f  T, an d  i n v a r i a n c e  o f  \ • I i t  i s  n e c e s s a r y  
and  s u f f i c i e n t  t o  show t h a t :  | x \ —* - 0 * ^  T x — ►■0.
S u p p o se  t h i s  i s  f a l s e .  Then f o r  e v e r y  £  > 0 ,  t h e r e
e x i s t s  f  e X-' ^ ' | f |  < £  and  T f  > 1 .  U s in g  t h i s  f a c t  a
00
s e q u e n c e ,  { f j } j =1 ,  may b e  c o n s t r u c t e d  s u c h  t h a t :  T f^  = 1
f o r  a l l  j  = 1 , 2 , 3 , . . .  and  f j  < 1 / 2 ^  f o r  e a c h  j  = 1 , 2 ,  . . .  .
Now a  s u b s e q u e n c e ,  { h j ) j =1 ,  w i l l  b e  c o n s t r u c t e d  h a v in g  
t h e  f o l l o w i n g  p r o p e r t i e s :
( 1 )  f o r  e a c h  j  = 1 , 2 , . . . ,  t h e r e  e x i s t s
< f  j  < 1
( 2 )  f o r  e a c h  j  = 1 , 2 , . . .  ) T (h ^  -  h^  ) |  < l / 2 J f o r  
a l l  f  j  < r  < 1
( 3 )  | T h ^ n  | < 1 / 2 J f o r  a l l  j  > n .
T h i s  s e q u e n c e  i s  c o n s t r u c t e d  b y  i n d u c t i o n ;  t h e  f i r s t  
s t e p  i s  no  d i f f e r e n t  f ro m  t h e  g e n e r a l  s t e p .
S u p p o s e  ( a t  t h e  n - t h  s t a g e )  a  s u b s e q u e n c e  f  h a s  b e e n
3
c o n s t r u c t e d ,  and  1s h a v e  b e e n  c h o s e n  s u c h  t h a t  f 1 < f 2 < f^  
. . .  < f  < 1 a n d :
( 1 ) '  | l  -  T fn  | < 1 / 2 J f o r  a l l  P j  < r  < 1 ,  a n d  j  < n
J r
( 2 ) '  | T ( f n  f t ) |  < 1 / 2 J  f o r  a l l  J > n .
J  •
T hen  l e t  *n+1 = f o r  n  = 1 , 2 , . . . , n + l .  S i n c e
T f  = ( g * f  ) ( 1 ^  = l i m  g * f  ( r ) ,  f ± > f  c a n  b e  
n+ 1  n + 1  r - ^ 1  n + 1  1 n j - n
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c h o s e n  so  t h a t  r  > P  ,  =#>■ 1 T f -  Tf I < l / 2 n+ 'L;-  I n+± I "n+i nn+lJ
r
t h a t  i s ,  | l  -  T fn  | < l / 2 n + 1 . S in c e  r  > ^ n+1 —p,
~r > ^  for all j < n+1, and since Tfn+1 = 1 for all
J  < n + 1 , i t  f o l l o w s  t h a t :
J 1 -  T fn + i  | < 1 /2 ^  f o r  a l l  j  < n + 1 ,  and  i t  i s
c l e a r  t h a t  t h e  n + l - t h  s u b s e q u e n c e  w i l l  s a t i s f y  ( 1 ) '  when i t  
i s  c h o s e n .  Now i f  k — ^ k 0 i n  t h e  c o m p a c t  o p e n  t o p o l o g y  
( k ' s  and  k Q a r e  t a k e n  f ro m  A(D) -  d o r  H ( D ) ] )  and  i f  g  e 
A(D) -  [ o r  H (D )] ,  t h e n  g * k ^ ,—*• g * k Q^  u n i f o r m l y  f o r  a l l  ^  < 1 .
T h i s  f o l l o w s  f ro m  t h e  f a c t  t h a t  g * k p  = g ^ _ * k ^ - ;
g * k 0 jp = w h e re  g ^ ,  k ^ ' s ,  • k Q^ a r e  e A ( S ) { p r ' E ( S ) ’}
and  a r e  b o u n d e d .  S i n c e  k ^ - m u s t  — *-k0 ^ u n i f o r m l y  (b y  
d e f i n i t i o n  o f  t h e  c o m p a c t  o p e n  t o p o l o g y ) ,  i t  f o l l o w s  t h a t :
| ( 6 * k p ) ( z )  -  (g*ko f ) ( z )  | = | ( g ^ - * H ^ ) ( z )  -  ( g ^ * k 0 ^ ) ( z ) |
^  I s f f l  < * f  )< % > < *  -  f o r
a l l  z e D, w h e re  (k  -  k Q) ^ —* -0  u n i f o r m l y  ==^ t h e  l a s t  f a c t o r
0 .
S i n c e  f  -------- 0 i n  t h e  t o p o l o g y  o f  X, an d  s i n c e  t h e
3
t o p o l o g y  o f  X i s  n o t  w e a k e r  t h a n  t h e  c o m p a c t  o p e n  t o p o l o g y ,  
i t  f o l l o w s  t h a t :
T ( f n ) -  ( g * f n  ) ( l ) - * - 0  a s  J —
f t i + 1  ' f n + 1
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An i n f i n i t e  s u b s e q u e n c e  ( f n + i  ) j _ n + 2  c a n  c h o s e n  f ro m  t h e
00 J
s e q u e n c e  {f Jk=n+ 1  s u c h  t h a t :  
k
T fn + i  j < 172^  f o r  j  = n + 2 ,  n + 3 ,  . . .  ,  and  t h e  new
f n + 1  1
s u b s e q u e n c e  a l s o  s a t i s f i e s  ( 2 ) ' .
L e t  h j  = f j  f o r  J  = 1 , 2 , . . .  .
J
N o te  t h a t  ( 1 )  and  ( 2 )  a r e  s a t i s f i e d ,  and  t h a t  s i n c e  
{ h j ) j =1 i s  a  s u b s e q u e n c e  o f  e a c h  ( f n  f o r  n  = 1 , 2 , . . . ,
i t  f o l l o w s  t h a t  f o r  j  > n :
I T h , .  I = I T f  I w h e re  k  > J > n ,  and  Tf
I J f n l  I V n l  “  n k f n
< l / 2 k  < 1 / 2  f o r  a l l  J ,  so  t h a t  t h e  s u b s e q u e n c e  h a s  b e e n
c o n s t r u c t e d  a s  d e s i r e d .
H ow ever, s i n c e  | f ^  | < 1 / 2 ^  f o r  a l l  j ;  t h e  f a c t  t h a t  
i s  a  s u b s e q u e n c e  o f  { f ^ i m p l i e s j h ^ l  < 1 /2 ^  f o r  a l l  J-
and t h a t  {Sn }~=1 d e f i n e d  b y :  
n
S = ZL h .  i s  a  C auchy  s e q u e n c e  i n  X, w h ic h  m u s t  
n  j = l  3
c o n v e r g e  t o  some e l e m e n t  f  e X, s i n c e  X i s  c o m p l e t e .  A ls o
Sn — * - f  i n  t h e  c o m p a c t  o p e n  t o p o l o g y .  T h i s  m eans t h a t  f o r
0 < r  < 1 :  g*Sn  *“ g * f r  u n i f o r m l y ,  an d  h e n c e  TSn
r  r
= (g * S n  ) ( 1 ) — * - ( g * f r ) ( l )  = T f r - o r ,  b y  d e f i n i t i o n  o f  a n  
r
00
i n f i n i t e  sum: T f = ZZ. T h .  .
r  r
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I n  p a r t i c u l a r  i f  r  = ^ n :
n  oo
T f o„ = ZZ Th.,* + T _  Th r n  t- 2— .
>n  j = l  J f n  j = n + l  J f n
n  oo
T h u s :  n  -  Tf_ -  C ZZ 1 -  T h .  . 1 ZZ Th .
f  n J=1 ^fn J J=n+1 ^fn
n
a n d :  I n  -  T f .  < Z Z I 1 -  Thft | *—  | “ ‘-jn "** -  r ^ j p
f n  I j = l '  J f n  j = n + l * J j n
n  . oo
< 21 1/2 + ZL 1/2 < 1
j = l  j = n + l
(h y  a p p l i c a t i o n  o f  ( 1 ) ,  ( 2 )  an d  ( 3 ) ) .  H ence I T f -  j > n  -  1
i n  '
f o r  a l l  n  = 1 , 2 , . . . ,  a n d  l i m  T f  = l i m  ( g * f ) ( r )  d o e s  n o t
r - > l  r  r - * - l
e x i s t  c o n t r a d i c t i o n ,  and  p r o o f  i s  c o m p l e t e .
R e m a rk s . I f  X s a t i s f i e s  t h e  h y p o t h e s i s  o f  P - 1 0 ,  an d  
i f  w — * -f  i s  w e a k ly  c o n t i n u o u s  f o r  w e 15, t h e  X* c a n  b e  
i d e n t i f i e d  w i t h  t h e  s e t  o f  a l l  f u n c t i o n s  g  e A(D) -  [ o r  H(D)] 
^ 9 - '  g * f  i s  c o n t i n u o u s  o n  D f o r  a l l  f  e X, w h e re  T •«-*- g 
4=^ T f = ( g * f ) ( l ) .
I t  i s  c l e a r  t h a t  f o r  a n y  s p a c e  X s a t i s f y i n g  t h e  
h y p o t h e s i s  o f  P - 1 0 ,  e x a m p le s  o f  e l e m e n t s  o f  X* may b e  c o n ­
s t r u c t e d  b y  t a k i n g  l i n e a r  f u n c t i o n a l s  w h ic h  c o r r e s p o n d  t o  
f u n c t i o n s  i n  H(T)) [ o r  A (D )] . I t  i s  o f  i n t e r e s t  h e r e  t o
s t u d y  some e x a m p le s  o f  f u n c t i o n s  n o t  e A(D) [  o r  H ( D ) ] .
(1 )  F i r s t ,  an  e x a m p le  o f  a  f u n c t i o n  f  ft H(D) s u c h
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t h a t  f  € O  (CA( T ) ) n . 
n = l  K
L e t  f ( z )  = l / 2 r*’z^  .
n=0
Then f o r  e a c h  p = 1 , 2 , . . . ,  l e t  g_ .(z)  = ZL. 2 -n / /p z ^ n ) .
*  n=0
Now 1 / p  > 0 ^  21 '/ p  > 1 2 - 1 / p  < 1 = r” £L 2 “n//p = (1  -  2~P ) “ 1
n=0
< oo and  h e n c e  t h e  s e r i e s  o f  t h e  c o e f f i c i e n t s  o f  g^  i s  a b s o l u t e l y
c o n v e r g e n t  and  g^  e Ca (T )  f o r  a l l  p  = 1 , 2 , . . .  .
H ence  f  = ( g p ) ^  ( c o n v o l u t i o n  p o w e r)  f o r  a l l  p = 1 , 2 , . . . ,
a n d  i t  f o l l o w s  t h a t  f  e (C a ( T ) ) P .
p = l
Now l e t  <js b e  c h o s e n  t o  be  p o s i t i v e ,  i n c r e a s i n g  and  
s u c h  t h a t  n/<f>(n)—^ - 0 .
00
T h i s  m e a n s :  f ( z )  = a  z11 i s  s u c h  t h a t  i f
n = 0  n
r Q = t h e  r a d i u s  o f  c o n v e r g e n c e  o f  f ,  t h e n :
l / r  = T im  | a  | 1 / n  = l i i  m T l S  ( l / 2 ) n / ^ (n )
n-^oo n — n- ^oo
= 1 and  f  e A(D) a s  d e s i r e d .
A m o re  p a t h o l o g i c a l  e x a m p le  may b e  c o n s t r u c t e d ,  w i t h  
t h e  same p r o p e r t i e s  a s  t h e  a b o v e  ex am p le  an d  m o re  w i t h  t h e  
u s e  o f  a n  i n f i n i t e  s e q u e n c e  o f  s u c h  f u n c t i o n s .  W a l t e r s  [ 7 J  
h a s  shown t h a t  i f  g  i s  i d e n t i f i e d  w i t h  a n  e l e m e n t  o f  H *
xr
a s  d e s c r i b e d  i n  t h i s  c h a p t e r  f o r  0 < p < 1 / n ,  n  = 1 , 2 , . . . ;  
t h e n  g^n  ^ ( n - t h  d e r i v a t i v e )  e C ^ ( T ) .  The f o l l o w i n g  e x am p le  
show s t h a t  a  f u n c t i o n  may h a v e  c o n t i n u o u s  d e r i v a t i v e s  o f  a l l
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o r d e r s  on  D and  s t i l l  n o t  b e l o n g  t o  A ( D ) .
( 2 )  T h e r e  i s  a  f u n c t i o n ,  f ,  s u c h  t h a t  f ( n ) e Ca (T) 
f o r  a l l  n  = 1 , 2 , . . . 5  and  s u c h  t h a t  f  h a s  t h e  u n i t  c i r c l e  a s
i t s  n a t u r a l  b o u n d a r y .
“  . -j ^ ( 3 )
L e t  f  = 1 / 2  z b e  c o n s t r u c t e d  s u b j e c t  t o
t h e  f o l l o w i n g  r e s t r i c t i o n s :
( i )  i s  i n c r e a s i n g  f o r  e a c h  n ,  and  p o s i t i v e .
( i i )  The r a n g e  o f  <pn  c o n s i s t s  o n l y  o f  i n t e g e r s  o f  
t h e  fo rm  2n ~'1' ( 2 k - l ) ; k  = 1 , 2 , . . . ;  t h a t  i s ,  9 ^ ( 3 )  m u s t  b e  a n  
odd  m u l t i p l e  o f  2n ” \
( i i i )  0 < l i m  j / ^ . ( j )  < l / 2 n  f o r  e a c h  n .
J - *"00
C l e a r l y  a l l  o f  t h e s e  r e s t r i c t i o n s  may b e  r e a l i z e d .
F o r  e x a m p le ,  s e t  ^ n ( j )  = 2n~^(2 j + 1 ) . The f u n c t i o n  f  i s  t o
00
b e  o f  t h e  f o r m :  f  = Z . An f n  w h e re  t h e  An ' s  a r e  p o s i t i v e
c o n s t a n t s ,  and  l i m  An  = 0 .  Now f o r  e v e r y  n  = 1 , 2 , . . . ;  t h e  
v a l u e s  o f  7 ^ ( j )  a r e  m u l t i p l e s  o f  2 f o r  a l l  p > n  an d  a r e  
n o t  f o r  a n y  p < n .  T h i s  m ean s  t h a t  t h e  s u p p o r t s  o f  t h e  
F o u r i e r  t r a n s f o r m s  o f  a n y  p a i r  o f  d i s t i n c t  f u n c t i o n s ,  f
n l
an d  f  ,  a r e  d i s j o i n t .  H ence  t h e  F o u r i e r  c o e f f i c i e n t s  o f  f  
n2
a r e  u n i f o r m l y  b o u n d e d  an d  f  h a s  r a d i u s  o f  c o n v e r g e n c e  a t
l e a s t  1 .  On t h e  o t h e r  h a n d ,  i f  r  d e n o t e s  t h e  r a d i u s  o f
00
c o n v e r g e n c e  o f  f  = ZL t h e n :
m=l
1 / r  = Tim | a j 1/m > I3H \a.± m | l / c 7n(J )= l im  ( A l / 2 5 ) 1^ ^
0  n-^oo 101 "  I r n ^ ' I  j — 00 n
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> l i m  A n  l i m  2 n  = 1 • 2 3 
j  -*-°o J-*-“
- (1/ 2n)
> 2
l / 2 n
H ence  r  < 2  f o r  a l l  n ,  a n d  s i n c e  n  may b e  o —
c h o s e n  t o  make l / 2 n  a r b i t r a r i l y  s m a l l ,  r Q < l j  t h a t  i s ,  r Q = 1,
T h i s  m ean s  t h a t  t h e r e  i s  a  p o i n t  coq , s u c h  t h a t  = 1
an d  f  i s  n o t  a n a l y t i c  a t  cjQ.
Now o b s e r v e  t h a t  f  i s  o f  t h e  f o r m :  f  = g - i ( z )  + g 2 ( z ) ,  
n
w h e re  g-^(z )  = £ 1  ^ a s  r a ( ^ u s  c o n v e r g e n c e  > 1 and
oo n
g o ( z )  = E  A f  ( z )  i s  o f  t h e  fo rm  h ( z  ) s i n c e  t h e  s u p p o r t  
* ^  p=n+X ”
o f  g p i s  c o n f i n e d  t o  m u l t i p l e s  o f  2 . S i n c e  g ,  i s  a n a l y t i c
2 n
a t  oJQf g 2 m u s t  n o t  b e ,  an d  i f  CJ i s  s u c h  t h a t  cj = 1 ,  t h e n  
z - * c J 0 =£■ c j z  —*- some p o i n t  o f  n o n - a n a l y t i c i t y  o f  g 2 s i n c e :
0n  pn
g 2 ( o z )  = h ( ( c j z )  ) = h (ca  z ) = h ( z  ) = g 2 ( z ) .
2n
H ence  f o r  e v e r y  n  > 0 ,  cj = 1  ==>• GJGJ0 i s  a  p o i n t  
o f  n o n - a n a l y t i c i t y  f o r  g 2 » S i n c e  g ^  i s  a n a l y t i c  a t  a l l  s u c h  
p o i n t s ,  f  m u s t  n o t  b e .  S i n c e  t h e  d y a d i c  r a t i o n a l  r o o t s  o f  1 
a r e  d e n s e  o n  t h e  u n i t  c i r c l e ,  t h e i r  t r a n s l a t e s  b y  c jq m u s t  b e  
a l s o  a n d  f  h a s  t h e  u n i t  c i r c l e  a s  i t s  n a t u r a l  b o u n d a r y .
E a c h  f  h a s  r a d i u s  o f  c o n v e r g e n c e  > 1 f o r  a l l  n ,  so
t h a t  d o e s  a l s o  a n d  i s  c o n t i n u o u s  o n  D f o r  a l l
k  = 1 , 2 , . . .  . L e t  An  b e  c h o s e n  s u c h  t h a t :
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( z )  j < 1 / 2  ,  a l l  n ,  and  a l l  k  < n .
n
f _ — * - f  u n i f o r m l y  on
su£ | A f  W '  ' I —  
zeD I n n
Nov/ t h e  p a r t i a l  sums ZZ
p _ l  P P
c o m p a c t  s u b s e t s  o f  D a s  n-*-<», a n d  h e n c e  t h e  same h o l d s  f o r  
f ( k ) f o r  e a c h  k  = 1 , 2 , . . .  . H ence  f o r  e a c h  z e D:
k+1 (k + 1 )
( z )
+
n=k+2 V n
(k+ 1)
( z )
* I I
k+1 (k + 1 )
Si Vn (Z) + H  l / 2 n  < M < n=k+2
k + i  ( k + i )
f o r  some r e a l  M s i n c e  21  ^z ' k a s  r a ^^-u s
c o n v e r g e n c e  > 1 .
T hus e a c h  i s  a n  f u n c t i o n  f o r  a l l  k ,
and  h e n c e  e a c h  f ( k ) i s  t h e  i n t e g r a l  o f  a n  f u n c t i o n  and  
m u s t  b e  e CA( T ) .  I t  i s  o f  f u r t h e r  i n t e r e s t  t o  s e e  w h e th e r  
s u c h  a n  f  may b e  c o n s t r u c t e d  so  a s  t o  h a v e  c o n v o l u t i o n  p - r o o t s  
i n  Ca (T )  f o r  a l l  p = 1 , 2 , . . .  . C l e a r l y  i t  w i l l  n o t  h u r t  t o
c h o o s e  t h e  An ' s  s m a l l e r  i f  n e c e s s a r y .
00
L e t  g = ZZ. b zn  d e n o t e  a  c o n v o l u t i o n  p - r o o t  o f  f . 
n= 0  n
oo oo l / p
Then ZZ |b ^  I = ZZ. l a .  '
j = l  J j = l  <■
1 / p 00
n = l
_  v l / p
ZZ (1 /2  )
n  k = l
s i n c e  t h e  s u p p o r t s  o f  d i s t i n c t  f n f s a r e  d i s j o i n t .
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H e n c e :
1 /P  . . k / P  00 1 /P  .. . . .  l / p
n = l
z L | b , | = z : A n  E ( i / 2 ) ■ = z :  a  v ( i  -  ( 1 / 2 ) ■)
1=1 •> n=l k=l -  ’ n
Now by  t a k i n g  t h e  An ’ s t o  b e  s m a l l e r  i f  n e c e s s a r y ,  i t  
i s  p o s s i b l e  t o  h a v e  t h e  A ^ 's  c h o s e n  s u c h  t h a t  An  < l / 2 n  f o r  
e a c h  n .  T hen:
«  l / p  oo n / p  l / p  - 1
I a  < r  ( 1 / 2 )  < (1  -  ( 1 / 2 )  ) ,  a n d :
n = l  n  n = l
oo l / p  - 2
I L  l b , I  < (1  -  ( 1 / 2 )  ) f o r  a l l  p = 1 , 2 , . . .  .
3=1 J
E ach  c o n v o l u t i o n  p - r o o t  h e r e  h a s  a n  a b s o l u t e l y  c o n v e r g e n t  
p o w er  s e r i e s  a n d  h e n c e  m u s t  b e l o n g  t o  C ^ (T ) .
CHAPTER I I I
D e f i n i t i o n s  and  R e m a r k s .
G iv e n  a  r e a l - v a l u e d  f u n c t i o n  f ,  t h e  f u n c t i o n s  f + and  
f ” a r e  d e f i n e d  o n  t h e  d o m a in  o f  f  a s  f o l l o w s :  
f + ( x )  = l / 2 ( f ( x )  + | f ( x ) |  )
f " ( x )  = l / 2 ( f ( x )  -  | f ( x ) |  )
O b s e r v e  t h a t  f o r  a l l  x ;  f + ( x )  ^  0 ,  f - ( x )  < 0 ,  a n d
f ( x )  = f + ( x )  + f " ( x ) .  F o r  f  e A (D ) j  0  < r  < 1 :
1 2 ?r j a r
L ( f , r )  = f  I n  f f r e 1 ) d 9 ,  L ( f )  = l i m  L ( f , r )
^  0  1 '  r — 1
L+ ( f , r )  = /  l n + | f ( r e i 0 ) | d 0 ,  L+ ( f )  = H i  L+ ( f , r )
^  0 r - * - l
2T
L- ( f , r )  = /  l n ‘ l f ( r e i e ) d 9 ,  l T ( f ) = l i m  L * ( f , r ) .
0 1 r—►!
I t  i s  known t h a t  L ( f , r )  i s  a n  i n c r e a s i n g  f u n c t i o n
w . r . t .  r  f o r  f  e A(D) an d  h e n c e  L ( f )  = l i m  L ( f , r )  > - »
r - * - l
f o r  a n y  f  e A (D ).  I t  i s  a l s o  known t h a t  t h e  B l a s c h k e  
p r o d u c t  o f  t h e  z e r o s  o f  f*  f o r  f  e A(D^ c o n v e r g e s  i f  a n d  o n l y  
i f  L ( f )  < t h a t  i s ,  L ( f )  < «  i f  a n d  o n l y  i f  t h e r e  i s  some 
g  e H s u c h  t h a t  g  h a s  t h e  same z e r o s  a s  f .v-i 00 w
A f u n c t i o n  f  e A(D) i s  c a l l e d  b e s c h r a n k t a r t i g e  i f
L+ ( f )  < «>. N = { f  I L+ ( f )  < «>). T h e r e  a r e  s e v e r a l  w e l l  known
’ ^
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c h a r a c t e r i z a t i o n s  o f  N. F o r  e x a m p le :
N = ( f  ) f  = w h e re  b 1 , b 2 € H^, f  e A (D )}
and  N = {f | f  = Be } w h e re  B i s  b o u n d e d  (an d  c a n  a c t u a l l y
b e  t a k e n  t o  b e  t h e  B l a s c h k e  p r o d u c t  o f  t h e  z e r o s  o f  f )  and  
h  i s  t h e  d i f f e r e n c e  o f  two f u n c t i o n s  o f  p o s i t i v e  r e a l  p a r t .
I t  i s  c l e a r  t h a t  N i s  c l o s e d  u n d e r  + , p o i n t w i s e  
m u l t i p l i c a t i o n ,  an d  t h a t  N c o n t a i n s  t h e  c o n s t a n t  f u n c t i o n s ;  
t h a t  i s ,  N i s  a n  a l g e b r a  w . r . t .  t h e s e  o p e r a t i o n s  i f  m u l t i ­
p l i c a t i o n  b y  s c a l a r s  i s  t a k e n  t o  b e  p o i n t w i s e  m u l t i p l i c a t i o n  
by  c o n s t a n t  f u n c t i o n s .  F o r  some p u r p o s e s  i t  i s  c o n v e n i e n t  t o
e
r e p l a c e  t h e  r e s t r i c t i o n  N d  A(D) w i t h  t h e  c o n d i t i o n  t h a t  
f  e N b e  m e ro m o rp h ic  o n  D. F o r  t h e  s a k e  o f  s i m p l i c i t y ,  t h i s  
w i l l  n o t  b e  d o n e  h e r e .  I t  i s  e a s y  e n o u g h  t o  e s t a b l i s h  t h e  
r e s u l t s  i n  t h i s  c h a p t e r  f i r s t  f o r  r e g u l a r  f u n c t i o n s  and  t h e n  
t o  g e n e r a l i z e  t o  m e ro m o rp h ic  f u n c t i o n s  i f  d e s i r a b l e .
N o te  t h a t  e v e r y  s p a c e  f o r  p  > 0 i s  a  s u b s e t  o f  N.
I n  f a c t ,  b y  t h e  w e l l  known r e l a t i o n s h i p  b e tw e e n  a r i t h m e t i c
and  g e o m e t r i c  m e a n s :
l i m  | f r |p  = l l l n  / r | f ( r e 1(S) | p af>}1 / P = e L ( f ' r ) .
p _ » 0 '  r l p  p —0 i l r  0 ' 1
Thus i f  -r, < 00 f o r  some p ,  t h e n  L ( f )  < «>. I tr
w i l l  b e  shown b e lo w  t h a t  i f  L ( f  -  of) < »  f o r  s u f f i c i e n t l y  
l a r g e  s e t  o f  or ' s ,  t h e n  f  € N.
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The c a p a c i t y  Y o f  a  c o m p a c t  s e t  E CZ C- i s  d e f i n e d  
b y  t h e  e q u a t i o n :  T ( E )  = w h e r e :
V (E) = i n f  f f  l n |  1 /  ( z -  w ) | dm (z)dm (w ) w h e re  
m E E
m e M (E ), m > 0 ,  and  m (E ) = 1 .
I t  i s  show n i n  T s u j i  [ 6 ]  t h a t  f o r  a n y  c o m p a c t  s e t  E , 
-oo < V (E )  < +» an d  t h a t  3  J* e M(E) c a l l e d  t h e  e q u i l i b r i u m  
d i s t r i b u t i o n  f o r  E ' - 3 - ' ^ u >  0 ,  JA(E) = 1 s u c h  t h a t  V (E )  =
A c o m p a c t  s e t ,  E , i s  s a i d  t o  h a v e  p o s i t i v e  c a p a c i t y  
o r  c a p a c i t y  z e r o  a c c o r d i n g  t o  w h e t h e r  T ( E )  > 0 o r  T ( E )  = 0 ;  
t h a t  i s ,  a c c o r d i n g  t o  w h e t h e r  V (E ) < <» o r  V (E ) = <».
Lemma 3 . L e t  E C  C  ^  c o m p a c t .  T hen Y ( E )  > 0 
i f  an d  o n l y  i f  t h e r e  i s  a n  e l e m e n t  m e M (e ) ,  m > 0 ,  m (E) = l j  
an d  M > 0 s u c h  t h a t :
P r o o f .  S u p p o s e  m a n d  M e x i s t  a s  s p e c i f i e d .  T hen 
s i n c e  - l n ” ( x )  > - l n ( x )  f o r  x  > 0 :
t  lb
J - l n “ \z  -  w jdm (w ) < M f o r  e v e r y  z € £  . 
E
w h e re  b y  F u b i n i 1s  t h e o r e m
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H ence V (E ) < f  [  l n [ l / ( z  -  w) | dm (z)dm (w )
E E
= I  T - l n l z  -  wl dm (z)dm (w ) < °o and T ( E )  > 0 .  Now s u p p o s e
T? P * 1
r(E) > 0:
L e t  j x  d e n o t e  t h e  e q u i l i b r i u m  d i s t r i b u t i o n  f o r  E.
I f  z i s  s u c h  t h a t  \ z  -  w |>  1 f o r  a l l  w € E, l n " | z  -  w | = G
f o r  a l l  w e E and  / - l n " | z  -  w |dm (w) = 0 .  The o n l y  o t h e r
E
p o s s i b i l i t y  i s  t h a t  3  £ E ' 3 " | z  -  wQ| < 1 .  By t h e  t r i a n g l e
i n e q u a l i t y ,  i f  ^ = ^U^ eE \ a. -  b | ,  i t  f o l l o w s  t h a t  \ z -  w |
< 1 + £ f o r  e v e r y  w e E. N o te  t h a t  t h e  c o m p a c tn e s s  o f  E
i m p l i e s  <f < °°. H e n ce :
J  l n + | z -  w| dju(w) < l n ( l  + £ )yu(E) = l n ( l  + ^ ) < £ .
E
A p p l y i n g  t h e  th e o r e m  on p .  60  o f  T s u j i  £ 6 3
/  - I n " |  z -  w |d u (w )  = /  - l n |  z -  w j d ^ w )  + J  l n + |z  -  w[djA(w)
< V (E ) + S 
T hus f o r  a n y  z e £  :
/  - l n ” (z -  w |d ^ ( w )  < m a x (0 ,V (E )  + £ } < °°, an d  t h e  p r o o f  i s  
c o m p l e t e .
Lemma 4 . L e t  f  e A (D ).  Then e a c h  s e t  A M f  
= [ w | L ( f  -  w) < M) i s  c l o s e d  f o r  e a c h  r e a l  M and  t h e  s e t  
A f  = (w | L ( f  -  w) < »} i s  a n  P ^ - s e t ,
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P r o o f . I t  i s  e a s i l y  s e e n  t h a t  f o r  e a c h  r ,  0 < r  < 1 ,
L ( f  -  w ) , r )  i s  c o n t i n u o u s  a s  a  f u n c t i o n  o f  w. S in c e  L ( f  -  w)
= q<^!<i  ”  w*r )s L ( f  -  w) m u s t  b e  lo w e r  s e m i - c o n t i n u o u s  and
h e n c e  A M f i s  c l o s e d  f o r  e a c h  r e a l  M. S in c e  < M2 
3  00 
C A M2, f  11 f o l l o w s  t h a t  A f  = i s  an
s e t  by  d e f i n i t i o n .
T heorem  4 . L e t  f  e A (D ).  T hen f  e N i f  and  o n l y  i f  
t h e r e  i s  some c o m p a c t  s e t  E C .  0  s u c h  t h a t  T ( E )  > 0 and
s u c h  t h a t  L ( f  - X )  < °° f o r  a l l  X- e E .
P r o o f . I f  f  e N, t h e n  c l e a r l y  L ( f  -  “X ) < «> f o r  e v e r y  
)  e C  . I f  E i s  t a k e n  t o  b e  a n y  c o n t in u u m  i n  £  * s a y ,  t h e n  
T ( E )  > 0 an d  L ( f  -  X ) < «> f o r  a l l  % e E.
Now s u p p o s e  L ( f  -  X ) < 00 f o r  a l l  “X e E w h e re  E i s
co m p a c t  and  T f E )  > 0 .
00
S i n c e  E = U  ( A  a n d  e a c h  A _  i s  com-
n _ i  n >1 n * 1
p a c t  and h e n c e  m e a s u r e a b l e  w . r . t .  t h e  e q u i l i b r i u m  d i s t r i b u ­
t i o n  JX , t h e r e  m u s t  b e  some n  s u c h  t h a t  JX ( A n  ff l-® ) > °*
The co m p a c t  s e t  A n  f  f \ E roust i t s e l f  h a v e  p o s i t i v e  c a p a c i t y  
( s e e  p .  5 6 ,  T s u j i  C 6 ] ) .  W i th o u t  l o s s  o f  g e n e r a l i t y ,  t h e n ,  
i t  may a c t u a l l y  b e  a ssu m e d  t h a t  t h e r e  i s  some num ber M > 0 
s u c h  t h a t  L ( f  -  \  ) < M f o r  a l l  e E.
Now l e t  JX e M (E ) ' ^ ‘jx  > 0 ,  JJl(E) = l j  and  K < °°
b e  c h o s e n  s u c h  t h a t :  /  - l n “ (z  -  w|d|U(w) < K f o r  e v e r y  z e C  .
E
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T h is  c h o i c e  i s  made p o s s i b l e  b y  Lemma 3 .
F o r  e a c h  r ,  0 < r  < 1 :
f L+ ( f  - * , r ) d u ( J i )  -  /  L ( f  - Z , r ) d u ( X )  + J - l T ( f  - %  , r )
E '  E J E
By F u b i n i ' s  t h e o r e m :
/ - L - ( f  r - i n - | f ( r e i e ) - > | a e ) d ^ ( - X )
- W  f  f / - l n - | f ( r e 1 9 )
- i f< 2ir J Kd6 = K < oo.
H ence f o r  e a c h  r ,  0  < r  < 1 :
J  L+ ( f  , r ) d y ^ )  < M^(E) + K = M + K < o o .
Now f o r  t  p o s i t i v e  and  r e a l :
d l n + ( t )  
d t  =
H e n c e : x , . y  > 0
1 / t  i f  t  > 1 
0 i f  0 < t  < 1
. + , - _ + /  % x+y d l n + f t ) ^  ^I n  (x  + y )  -  I n  ( x )  = J — d t - 1 d t  <
3C
x+y
f  d t
X
= y
L e t  y.  € E b e  f i x e d .  S i n c e  E i s  c o m p a c t :
=  A e E  I ^ " ^ o !  <  811(1 h e n c e :
ln + J f ( r e 19) - ^ |  - | l n + f ( r e i 0 ) -
d ^ ( ^ ) .
de
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< ln +((f(rei e ) -  %Q\ + | X  -  XQ | ) -  m + f  ( r e 10) -  > |
< b  -  k  I < s  •
I n t e g r a t i n g  w . r . t .  9:
L+ ( f  - ' X , r )  -  L+ ( f  - ^ Q, r )  < £ ,  a n d  b y  sy m m e try ;
L+ ( f  -  ) Q, r )  -  L+ ( f  - ^ r )  < S ,  so  t h a t :
| L+ ( f  - % , r )  -  L+ ( f  -  ^ Q, r ) |  < & f o r  a l l  'X e E.
U s in g  t h e  a b o v e  i n e q u a l i t y :
L+ ( f  - X D, r )  < L+ ( f  - ) , r ) +  |  L+ ( f  - y , r )  -  L+ ( f  -  X0 , r ) |
< L+ ( f  - ) X , r )  + % .
I n t e g r a t i n g  w . r . t .  j x  :
L+(f - ^ G, r )  = f  L+(f - ^ 0 ,r)dyA(^) < j V ( f  , r ) d ^ ( l )
+ [  & 6.JA. ( X )
E
< M + K + £
H ence L+ ( f  - ^ 0 ) < M  +  K +  S < ° ° ,  an d  f  -  ^  e N, w h ic h  i n  
t u r n  i m p l i e s  f  e N.
R e m a r k s . As a  s p e c i a l  c a s e  o f  t h e  a b o v e :  f  e A(D) 
i s  b e s c h r a n k t a r t i g e  i f  L ( f  - / I  ) < 00 f o r  a l l  /\  i n  some n o n ­
d e g e n e r a t e  c o n t i n u u m .  I t  i s  a l s o  c l e a r  f r o m  T heorem  4 and  
i t s  p r o o f  t h a t  f o r  a n y  f  e A (D ),  t h e  s e t  i s  e i t h e r  C  o r  
a n  F g . - s e t  c o n t a i n i n g  n o  c o m p a c t  s u b s e t  o f  p o s i t i v e  c a p a c i t y .
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S e t s  o f  t h e  t y p e  A f  a r e  f u r t h e r  c h a r a c t e r i z e d  i n  p a r t  by 
t h e  f o l l o w i n g  th e o r e m :
Theorem  5 . L e t  E b e  a  c o m p a c t  s u b s e t  o f  C s u c h  t h a t  
T (E )  = 0 .  T hen t h e r e  i s  a  f u n c t i o n  w e A(D) s u c h  t h a t
ECAW *  c  ■
P r o o f . I f  E c o n s i s t s  o f  a t  m o s t  a  s i n g l e  p o i n t  ^  t 
t h e n  i t  i s  eno u g h  t o  s e t  w = AQ + e w h e re  h  i s  n o t  t h e  
d i f f e r e n c e  b e tw e e n  tw o f u n c t i o n s  o f  p o s i t i v e  r e a l  p a r t .  The 
c a s e  o f  i n t e r e s t  a r i s e s  when E h a s  a t  l e a s t  tw o p o i n t s .  I n  
t h i s  c a s e  t h e r e  i s  a  c o n f o r m a l  m a p -o f  D o n t o  S, t h e  u n i v e r s a l  
c o v e r i n g  s u r f a c e  o v e r  t h e  e x t e r i o r  o f  E . L e t  f : D I ^ S  be  
s u c h  a  m ap. I t  w i l l  now b e  shown t h a t  a l l  r a d i a l  l i m i t s  o f  
w = \p f  a r e  c o n t a i n e d  i n  E b y  a n  a rg u m e n t  i n d i c a t e d  i n  
C a r a t h e o d o r y  C 1 1  w h e re  d e n o t e s  t h e  p r o j e c t i o n  map o f  S 
o n t o  £  -  E .
S u p p o se  w h a s  a  r a d i a l  l i m i t  a t  Qq c o n t a i n e d  i n  £  -  E .
T hen f o r  a l l  s u f f i c i e n t l y  l a r g e  v a l u e s  o f  r ,  s a y  r  > r Q,
w ( r e  ° )  i s  c o n t a i n e d  i n  some o p e n  d i s c  U d  C -  E . A
“ 1s i n g l e v a l u e d  b r a n c h  o f  ip ~ may t h e n  b e  d e f i n e d  on  U s u b j e c t  
t o  t h e  r e s t r i c t i o n  t h a t  t | / ” ^ ( w ( r e i ^ ° ) ) = f ( r e i 0 ° )  f o r  r Q 
< r  < 1 .  H ence f ( r e ^ 0 ) a l s o  a p p r o a c h e s  a  l i m i t  (e  <p - 1 (U) 
d  S ) and  t h e  im age  o f  t h e  s e t  ( r  j 0 < r  < l )  u n d e r  f  i s  
c o n t a i n e d  i n  a  c o m p a c t  s u b s e t  o f  S .  The p r e - i m a g e  o f  t h i s  
c o m p a c t  s e t  m u s t  b e  a  c o m p a c t  s u b s e t  o f  D and t h e  c l o s u r e  o f
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{r | 0 < r  < 1} m u s t  b e  c o n t a i n e d  i n  t h e  i n t e r i o r  o f  D. Hence 
t h e  a s s u m p t io n  t h a t  w h a s  a  r a d i a l  l i m i t  e C  -  E l e a d s  t o  a  
c o n t r a d i c t i o n .
Now t h e  th e o r e m  on  p .  1 9 8  o f  N e v a n l in n a  C 4 ]  s t a t e s  t h a t  
i f  g  i s  a  n o n - c o n s t a n t  b e s c h r a n k t a r t i g e  f u n c t i o n ,  i f  E i s  a  
s u b s e t  o f  [0 , 2 t t ] w i t h  p o s i t i v e  l i n e a r  m e a s u r e ,  t h e n  t h e  s e t
o f  a l l  r a d i a l  l i m i t s  o f  g  a t  p o i n t s  Q € E m u s t  c o n t a i n  a
c o m p a c t  s u b s e t  o f  p o s i t i v e  c a p a c i t y .  I n  p a r t i c u l a r  t h i s  m u s t  
b e  so  i f  E = C 0 ,  2ttJ and  h e n c e  w a s  d e f i n e d  a b o v e  i s  n o t  
b e s c h r a n k t a r t i g e ;  t h a t  i s ,  C l  £  .
On t h e  o t h e r  h a n d ,  s i n c e  no  p o i n t  o f  E i s  c o v e r e d  by  
S , € E =r> w d o e s  n o t  assum e t h e  v a l u e  "A on  D, and  h e n c e
L(w -  \  ) < 00 f o r  a l l  'X e E an d  t h e  th e o re m  i s  p r o v e d .
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